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Abstract. We prove by means of a renormalization group method that in 
weakly interacting many-electron systems at half-filling on a periodic hyper- 
cubic lattice, the free energy density uniformly converges to an analytic func¬ 
tion of the coupling constants in the infinite-volume, zero-temperature limit if 
the external magnetic field has a chessboard-like flux configuration. The spa¬ 
tial dimension is allowed to be any number larger than 1. The system covers 
the Hubbard model with a nearest-neighbor hopping term, on-site interac¬ 
tions, exponentially decaying density-density interactions and exponentially 
decaying spin-spin interactions. The magnetic field must be included in the ki¬ 
netic term by the Peierls substitution. The flux configuration and the sign of 
the nearest-neighbor density-density/spin-spin interactions can be adjusted 
so that the free energy density is minimum among all the flux configura¬ 
tions. Consequently, the minimum free energy density is proved to converge 
to an analytic function of the coupling constants in the infinite-volume, zero- 
temperature limit. These are extension of the results on a square lattice in 
the preceding work ([Kashima, Y., “The special issue for the 20th anniver¬ 
sary”, J. Math. Sci. Univ. Tokyo. 23 (2016), 1-288]). We refer to lemmas 
proved in the reference in order to complete the proof of the main results of 
this paper. So this work is a continuation of the preceding work. 
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1. Many-ELECTRON systems and the main results 

1.1. Introduction. Rigorous construction of many-electron systems in 
low temperature is a frontier of mathematical physics. Especially reach¬ 
ing the inhnite-volume, zero-temperature limit from a formulation in 
hnite volume and positive temperature appears to be a mathematical 
challenge. As considered as the simplest possible model of interact¬ 
ing electrons, the Hubbard models have been the central objectives 
in the constructive theories based on multi-scale Grassmann integra¬ 
tion. Among them, substantial progress has been made in the zero- 
temperature construction of the 1-dimensional models. See [5], [6] for 
the latest results. As for the 2-dimensional Hubbard models, there have 
been attempts to develop low-temperature theories since the 2000s (see 
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[2], j3], |25])- There was also a thorough construction of 2- 

dimensional Fermion systems in spatial continuum at zero temperature 
by Feldman, Knorrer and Trubowitz [TD], |[TT]. As yet we have seen few 
examples of reaching the zero-temperature limit in the concrete lattice 
models in spatial dimension > 2. One pioneering example of taking 
the zero-temperature limit in 2 dimension was reported by Giuliani and 
Mastropietro in |[I3] where the half-hlled Hubbard model on the honey¬ 
comb lattice was specihcally considered. Beneath the model-dependent 
details, the work of Giuliani and Mastropietro seems to suggest an ef¬ 
fective remedy for the temperature-dependency of the constructive the¬ 
ories. The hint from |[T3] was explored and another example of the 
2-dimensional Hubbard model which admits the inhnite-volume, zero- 
temperature limit was given in our previous work |[T2]. In more detail 
the model studied in |I2] was the half-hlled Hubbard model on a square 
lattice, containing an external magnetic held whose hux is tt (mod 27r) 
per plaquette and 0 (mod 27r) through the large circles around the peri¬ 
odic lattice. Recently, Giuliani and Jauslin reported a zero-temperature 
construction of the free energy density and the two-point Schwinger 
function of an interacting Fermion model on a bilayer honeycomb lat¬ 
tice in |I2]. 

Since the focus of [IS] was on presenting a pile of lemmas leading to 
the zero-temperature limit in a self-contained manner, possibility of ap¬ 
plying its framework to other models was not fully investigated there. 
As a continuation of [IS] , here we focus on providing other examples of 
many-electron systems where the analyticity at zero-temperature can be 
proven essentially within the same framework. The main results of this 
paper can be seen as a generalization of the results of [12] . We will estab¬ 
lish a theorem stating that the free energy density of a weakly interacting 
many-electron system at half-hlling uniformly converges with respect to 
the amplitude of interaction in the inhnite-volume, zero-temperature 
limit. Here we allow the spatial dimension to be any number larger 
than 1. The system is dehned on a periodic hyper-cubic lattice. The 
kinetic term of the Hamiltonian is determined by the nearest-neighbor 
hopping of electrons and contains an external magnetic held by means 
of the Peierls substitution. The magnetic hux is assumed to change its 
sign at plaquette alternately like a chessboard. The hux tt (mod 27 r) 
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per plaquette is a special case of such configurations. The magnetic flux 
through the large circles winding around the periodic lattice is assumed 
to be either uniformly 0 (mod 27r) or uniformly tt (mod 27r). The inter¬ 
acting part of the Hamiltonian has a general form satisfying a number 
of invariant properties and a decay property which is faster than any 
polynomial order and slower than an exponential order. The interac¬ 
tion covers on-site interactions, exponentially decaying density-density 
interactions and exponentially decaying spin-spin interactions as special 
cases. The whole Hamiltonian has a symmetry which ensures that the 
system is at half-hlling. The magnetic flux and the interacting term 
can be chosen so that the free energy density of the system is minimum 
among all flux conhgurations, according to Lieb’s result on the flux phase 
problem (|j2D])- Thus, it follows that the minimum free energy density in 
the flux phase problem on a hyper-cubic lattice uniformly converges in 
the inhnite-volume, zero-temperature limit. We will explain how these 
results generalize the main results of [19] in Remark 11.81 after officially 
stating the main theorem and its corollary in Subsection 11.41 
The key strategy of our construction is to view the hyper-cubic lattice 
as a composition of some sparser hyper-cubic lattices. The original one- 
band Hamiltonian is accordingly formulated into a multi-band Hamil¬ 
tonian. More precisely, we transform the one-band Hamiltonian on a 
d-dimensional hyper-cubic lattice into a 2^-band Hamiltonian. This pro¬ 
cedure is a generalization of the formulation in jTS] where the one-band 
Hamiltonian on a square lattice was formulated into a 4-band Hamilton¬ 
ian. The multi-band formulation makes it feasible to study symmetric 
properties and spectral properties of the hopping matrix. We prove that 
the modulus of the band spectrum of the hopping matrix is bounded 
from below by a non-negative function of momentum variable vanish¬ 
ing at a single point. In fact the hopping matrix in momentum space 
fails to be invertible only at the point. Therefore, this point times zero 
time-momentum is the only singular point of the free covariance in the 
zero-temperature limit. The Hamiltonian has sufficient symmetries to 
guarantee that the singular point of the free covariance remains to be 
the singular point of the effective covariance during infrared (IR) inte¬ 
gration. Therefore, the same renormalization technique as in [[T9], which 
was motivated by ||T3] , applies to this model as well. The power-counting 
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in the IR integration depends on the spatial dimension quantitatively. 
The power in the norm estimation of Grassmann polynomials contains 
the spatial dimension d as a parameter. By substituting d = 2 we can 
recover the same power-counting as in the IR integration process |[I21 
Section 7]. However, our multi-scale integration is qualitatively unaf¬ 
fected by the generalization of the spatial dimension in the sense that 
Grassmann monomials of degree > 4 are irrelevant at every iteration of 
the IR integration if the spatial dimension is larger than 1. We follow 
steps, which are seen essentially parallel to the stories of [12] in the eyes 
of abstraction, to complete the proof of the main theorem. We will refer 
to the relevant parts of [12] from time to time to hll the proofs of nec¬ 
essary lemmas. For this reason this work should be strictly considered 
as a continuation of [12] . 

Nonetheless the generalization of the spatial dimension and the gen¬ 
eralization of the interaction cause some technical details to be different 
from the previous construction in [12] . The generalization in terms of the 
spatial dimension requires the multi-band formulation to be constructed 
inductively. This part is explained in Subsection 12.11 In addition to the 
new 2Gband formulation procedure in Subsection 12.11 we will present 
other sections which are largely affected by the generalization of the in¬ 
teraction without signihcant omission. These are the symmetric Grass¬ 
mann integral formulation in Subsection 12.21 the Matsubara ultra-violet 
(UV) integration in Section [3] and the time-continuum, inhnite-volume 
limit of the truncated Grassmann integral formulation in Appendix O 
Moreover, in the belief that the inductive arguments in [12], Section 7] 
are not seen trivial at present, we make this occasion to present a more 
organized version of the IR integration process than [I2I, Section 7] in 
order to convince the readers of the true validity of the mathematical 
renormalization group method. 

As for a relevance to the contemporary physical research, one can hnd 
the Fermionic Hamiltonian with magnetic flux in a mean-held theory of 
the Heisenberg-Hubbard model simulating the high-Tc superconduct¬ 
ing materials (P). More recently, the half-hlled Hubbard model with 
hux TT per plaquette together with the half-hlled Hubbard model on the 
honeycomb lattice tends to be studied by means of numerical compu¬ 
tation in order to describe the metal-insulator transition driven by the 
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electron-electron interaction 


|S], |IB], [2B], P, so on). 

These numerical studies commonly start with a speculation that in the 
TT-flux Hubbard model at half-hlling, unlike in the 0-flux Hubbard model 
at half-hlling, the semi-metal phase remains in a weak-coupling region 
so that the metal-insulator transition is detectable in a middle (not the 
edge) of the phase diagram with the horizontal axis of the coupling 
strength. The main result of this paper suggests that there is no phase 
transition caused by the weak electron interaction not only in the 7r-hux 
Hubbard model but also in a class of electron models with staggered hux. 
This should provide a theoretical support for numerical studies into the 
metal-insulator transition away from the edge of the phase diagram in 
these models yet to appear in physical literature. 

The contents of this paper are outlined as follows. In the rest of this 
section we define the Hamiltonian operators, see what kind of interaction 
is actually covered by our general definition and state the main results of 
this paper. In Section E] we transform the one-band Hamiltonian into a 
multi-band Hamiltonian and formulate the multi-band Hamiltonian by 
means of hnite-dimensional Grassmann integration. In Section Owe con¬ 
struct the Matsubara UV integration both at a fixed temperature and 
at 2 different temperatures. In Section Owe carry out the IR integration 
and complete the proof of the main theorem. In Appendix [A] we provide 
a lemma concerning reordering in a non-commutative C-algebra, which 
is conveniently used in the proof that our many-electron system is at 
half-hlling in Subsection 11.21 In Appendix [B] we restate Lieb’s result on 
a d-dimensional hux phase problem in order to facilitate the derivation 
of the corollary about the minimum free energy density from the main 
theorem. Finally in Appendix O we prove that each truncation of the 
Taylor series of the Grassmann integral formulation of the free energy 
density converges in the time-continuum, inhnite-volume limit. A how 
chart of our construction showing the dependency between the sections 
of this paper and the lemmas of the previous work [112] is given in Figure 
[H We also attach a list of notations for sake of the readers in the end. 

this list only contains notations which were not used in |[T2] 
[12] with diherent meanings and thus need additional 


However 
or were used in 


remarks. The readers should refer to the more comprehensive list in |T2] 
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Figure 1. Flow chart of our construction, where the arrows mean ma¬ 
jor dependency. 


for notations which are not contained in the supplementary list of this 
paper. 

1.2. Hamiltonians. We let the number d (> 2) denote the spatial di¬ 
mension throughout this paper. For L G N we define the d-dimensional 
spatial lattice r(L) by r(L) := ,L — l}*^. In this subsec¬ 

tion we introduce a class of Hamiltonians on the Fermionic Fock space 
Fj(L^(F(2L) X For a technical reason we dehne the Hamiltoni¬ 

ans in the spatial lattice of even length 2L. Our Hamiltonians contain 
an external magnetic held by means of the Peierls substitution. The 
phase di : X > R is assumed to satisfy that 

(1.1) dL(x,y) =-dL(y,x) (mod 27r), 
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Ol I^x + 2L ^ nijej, yj = 0 l(x, y) (mod 27r), 

(Vx, y e rrij G Z (j = 1, 2, • • • , d)). 

Here Oj is the vector of 7/ whose j-th entry is 1 and the other entries are 
0. The free energy of the system with the periodic boundary condition 
is known to be dependent on the magnetic held only by the hux per 
plaquette and the hux through large circles winding around the periodic 
lattice. Thus, it is important to specify these huxes in advance. Let 
Oj^k G M, sf G {0,1} for j, /c, / G {1, 2, • • • , d} with j < k. We allow 
ef to change its value depending on L and assume that e} = 0 (V/ G 
{1, 2, • • • , d}). We assume that 

dL(x + e^, x) + dL(x + ej + Gfc, X + e^) 

(1.2) 

+ 8 l(x + ei,x + ej + et) + ^i(x,x + et) = (mod 27r), 

(1.3) 

2L-1 

di(x + (m + l)e;,X + mei) = ej'TT (mod 27r), 

m=0 

(Vx= {xi,X 2 ,--- ,Xd) G G {1,2,--- ,d} with j < k). 


The condition (11.21) determines the hux per plaquette. When d = 2, 
the condition (11.21) requires the hux per plaquette to be arranged like a 
chessboard as pictured in Figure [21 The condition (ll.3l) states that the 
hux through the closed contour parallel to e/ is efii (mod 27r) for any 
/ G {1, 2, • ■ ■ , d}. 

Our analysis will be made on the quantitative assumption that 


(1.4) 
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Let tj G M>o (d = 1,2, • • • ,d) be the hopping amplitudes. The free 
Hamiltonian Hq is dehned by 


Hq • ^ ^ ^ ^ f ,d} s.t. x—y—ej or —ej in (Z/2LZ)‘^L'e 

x,yGr(2L) aG{U} 


*^'L(x,y) 
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Figure 2. The chessboard-like flux conflguration. 

where is the annihilation operator and is its adjoint operator 
called creation operator. The function Ip returns 1 if a proposition P 
is true, 0 otherwise. For any x G we dehne f/^xa by identifying 
X with the site x' of r(2L) satisfying that x' = x in (Z/2LZ)'^. The 
condition (ll.lll ensures that Hq is self-adjoint. 

To dehne the interacting part, we introduce the kernel functions. 
For any set A,B let Map(74, 5) denote the set of maps from A to B. 
Take Uy G N, G N> 2 . We assume that G Map(C”’',C), G 
Map(C^%Map((Z'^ x x x {14})"^,^)) (m = 1,2, ••• , iV„) 

satisfy the following conditions. 

(i) 

U ^ : C"’' ^ C, 

U ^ V^{V) : C"’' ^ Map((Z'' x {t,!})" x (Z^ x {t,;})”^,C) 
are linear. 

(ii) 

(1.5) kJ(u)((Xi,X 2,--- ,x^),(w,y2,--- ,W)) 

= sgn(r/) sgn(^) 

■ (u) ((Wjy(i), ■ ■ ■ 5 y^(2)5 ■ ■ ■ 

(VX,-, Yj G Z'^ X {t,;} (j = 1, 2, • • • , m), U G r/, ^ G §^), 
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where is the set of all permutations over {1, 2, • • • , m}. 

(hi) 

(1-6) V^i'(U)(((xi, (Ji), • • • , (x^, am)), ((yi, Ti), • • • , (y^, rj)) 

.l/„"(U)(((x„<7i) )),((yi,n),--- ,(y m? '^m ))), 

(V(Xj, (Tj), (yj, Tj) e Z"* X {t, i} (j = 1,2, • • ■ , m), U e C””). 

(iv) 

(1.7) 

K^(U)(((x,.,70 

, ' ' ' , i^m, )),((yi,n),--- ,(y m? ))) 

= ’^m(U)(((Xi, -Ui), • • • , (x^, -am)), ((yi, -Ti), • • • , (y^, -Tm))), 
(V(x^-, cTj), (yj, Tj) X {t, 1} (j = 1, 2, • • • , m), U G C”"). 

(v) 

(1-8) F^(U)(((xJ,(Ji),--- ,(x;„,(j^)),((y;,ri),--- ,(y^,rj)) 

= “KJ(U)(((x?, Ui), • • • , (x^, am)), ((y?, Ti), • • • , (y^, Tm))), 
(Vxj, x2, yj, y2 G satisfying xj = x^, yj = y^ in (Z/2LZ)^ 
^j,r,e{),i} (j = l,2,--- ,m),UGC-). 

(vi) 

(1.9) 

KJ(U)(((xi + 2z,(Ji), • • • , (x^ + 2z,(j^)), 

((yi + 2z, Ti), • • • , (y^ + 2z, rj)) 

= KJ(U)(((xi,(Ji),--- ,(x^,(j^)),((yi,ri),--- ,{ym,Tm))), 

(V(x^-, aj), (y^, Tj) G X {t, 1} (j = 1, 2, • • • , m), z G Z^ U G C”"). 

(vii) 

(1.10) 

KJ(U)(((xnaO 

, ' ' ' , i^m, )),((yi,n),--- ,(y mi ))) 

= ’KJ(U)(((-Xi,(Ji),-- - ,(-x^,(jJ),((-yi,ri),--- ,(-ym,r^))), 
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(V(xj, aj), {yj, Tj) X {t, 1} (j = 1, 2, • • • , m), U G C”"). 

(viii) For any 9 G Map(Z'^,R) satisfying that 6*(x) = 9{y) (Vx, y G 
with X = y in (Z/2LZ)'^), 

(1-11) ^m(U)(((xi,(Ji), • • • ,(x^,(jJ),((yi,ri),-- - ,(ym,rj)) 

= g*(Er=i^(^h-Er=i^(yh) 

•v;J(u)(((xi,ai) 

1 ' ' ' 1 (Xm? )),((yi,n),-- - ,(y m? ))). 

(V(Xj,trj),(yj,Tj) e Z"* X {t.J.} (j = 1,2, - ■ ■ ,m),U e C""). 
(ix) 

(1.12) = 1/„"(U), yi(U)(X. Y) = Yi(U)(Y. X), 

{VX,Y e (z”* X {t, ;})"*. u e C"”). 



(1.13) 

Nv-m / _i_ / \ 2 

Yi(U)(X.Y) = (-i)™ E ""r M' E 

(=0 ^ 2 {z^,rij)er(2L)x{t,i} 

0=1,2,-,1) 

■ K^+/(U)((X, ((Zi, 7/i), (Z 2 , r/ 2 ), • • • , (z/, ^/))), 

(((Zo m): (z/_i, • • • , (zi, r/i)), Y)), 

(VX, Y G (Z'^ X G C”"). 

(xi) For any j G {1, 2, • • • , nj, X, Y G x {t, 


tv lim ^Ki{U)(X. Y 

LgN ^ LGN 


converge. 

xii) For any c G M>o, 
(1.14) sup 


sup 

V with I 
(i=l,2,'" ,nv) 


sup 

1 . 2 ,--- , 2 ' 
feG{l,2,... ,d} 


sup 


E 


LgN UGC-- with|t/^|<l P,,e{l,2,-,2^-1} (x,a)Gr(2L)x{U} (x,.a,)Gr(2L)x{t.U 


3 '3' 

(j=l,2,--- ,2m-l) 


_ ;l| + 1^ gE,li(c#|Gr<"-"P’"V-i|)i/2 


11 



• lKJ(U)(((x,cr), (Xi,cri), • • • , (x^_i, cr^_i)), 

( (Xjnj (^m) 5 (Xjn-(-i, (7^,2+1) •>'''•> (X2m—1) ^2m—l) ) ) | ^X), 

where (•, •) is the standard inner product. 

For U G M”'" we define the interacting part of the Hamiltonian by 

Nv 

(1.15) V:=X^ 

m=0 {xj,aj),(ypTj)&r(2L)x{t,l} 

(j=l,2,'" ,m) 

•’KJ(U)(((xi,cri), • • • ,(x^,cr^)),((yi,ri),-- - ,(ym,rj)) 

■ "^Xicri ■ ■ ■ ' ' ' '^YniTni- 

By the property (11.121) the operator V is self-adjoint. The Hamiltonian 
H is dehned by H := Hq + V. Note that H is a self-adjoint operator in 
the Fermionic Fock space Fj(L^(F(2L) x 
The main results of this paper concern analyticity and convergent 
properties of the free energy density 

where [5 G M>o is the inverse temperature. Since the phase is an im¬ 
portant parameter, we sometimes write Ho(0l), ^{Ol) in place of Hq, 
H respectively. The many-electron system is half-hlled in the following 
sense. 

Lemma 1.1. For any (x,a) G F(2L) x {t, i}; 

Tre-^H 2‘ 

Proof. Let Q 2 L denote the vacuum of the Fock space Fj(L^(F(2L) x 
{t,i})). Dehne the transform A on Fj(L^(F(2L) x by 

AQ 2 L ■= n (f^xt^xi)^2L, 
xGr(2L) 

xer(2L) 
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for any (xj, aj) G r(2L) x 1} (j = 1, 2, ■ • • , n), and by linearity. We 
can see that A is a unitary transform and AHq{6l)A* = Hq{—6l). More¬ 
over, by using the properties (11.111) . (11.131) . (11.121) . (11.51) and Lemma [WT] 
proved in Appendix in this order, 

AVA* 

Ny 

T,t=i {^j+yj,ek) 

m=0 (Xj ,aj ),{yj )Gr(2L) X {t.^} 

.m) 

■V'i(U)(((xi,<7i) 

) ■ ■ ■ ) (^m) )),((yiwi),--- ,(y m? ))) 

■ V^Xicri ■ ■ ■ ' ' ' '^ymTm 

Nv Ny—m 

= EE E E (- 1 ) 

m=0 i=0 (xj,crj),(yj,rj)Gr(2L)x{t,r} (z^-,7;^ )Gr(2L) X {t,4-} 

0 = 1.2.-.m) 0=1,2.-.0 

■ VG(U)((((Xi,<7i) 

t ' ' ' t CTm 

(((Zo^/), • • • , (zi,r/i)), ((yi,ri), • • • , (y )))) 

■ t^Xicri ■ ■ ■ '0XmCrm'0yjri ' ' ' '^YrnTm 
Nv m 

= EE E E (- 1 ) 

m=0 Z=0 (xj,crj),(yj,rj)Gr(2L)x{t,4-} (zj )6r(2L) X {t,4-} 

0=1.2,-.m-0 0 = 1.2.-.0 

• K^(U)((((yi,ri),--- ,(y^_or^-0),((zi,r/i),--- ,(z;,r/;))), 

(((Zo • • , (Zi, r/i)), ((Xi, CTi), • • • , (x^_o cr^-0))) 

• '0X1(71 • • • 0x„_,(7^_,0yiri ■ ■ ■ 0y^_;r„_i 

= V, 

where we set 

Nv 

V:=E E 

m=0 (xj ,<Tj),(yj ,Tj)er{2L) x{t,^} 

0=1.2.'" ,m) 

■ V"(U)((((X„<7,) 

5 ■ ■ ■ ? (^mj <^771 )),((yiwi),--- ,(ym,rj)) 
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■ "^XiCTi ■ ■ ■ ■ ■ ■ '^ymTm- 

Thus, we have for any (x, cr) G r(2L) x {t, i} that 

Tr(e-^>*>xa) _ 

Tr e-f^^ ~ Tr 

Tr e-^ToML)+v) 

Then, by considering that 

Tr e“^To(-6'L)+v) _ Tr = Tr e”^'^ 

Tr(e-^To(-0L)+v)^*^^x^) ^ Tr(e-/3H^*^^^^) = Tr(e"^^V^;^^?/^xa), 

we obtain the claimed equality. □ 

Remark 1.2. There was unfortunately a flaw in the definition of the 
unitary transform in pdH Remark 1.4] which was intended to demon¬ 
strate a proof of the same claim as the above lemma. By using the 
unitary transform A we can correct Remark 1.4]. It is simpler to 
confirm the equalities ^4140(6*^)^* = Ho(— 6*l), AM A* = V for the free 
Hamiltonian Ho(0l) and the on-site interaction V of (IS]. Then, the 
conclusion of (ISl, Remark 1.4] follows from the same argument as the 
last part of the above proof. 

1.3. Examples. Let us see that the interaction V covers some relevant 
models of interacting electrons. To shorten formulas, let n^(c) denote 
the left-hand side of the inequality (11.141) for m G {1, 2, ■ ■ • , Ny} and 
c G M>o. Moreover, set 

no:=sup sup -^\Vq^{V)\. 

LgN UGC"« with L/ 

\Uj\<l(j=l,2,- ,nv) 

Example 1.3 (The on-site interaction). Let g G Map({l, —1}'^, {1, 2, 
3, • • • , 2"^}). With the coupling constants Uo = (f^o(l), Uo{2), Uo{S), • • ■ , 
Uo{2'^)) the on-site interaction Vq is dehned by 

V,:= 
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^ f/o(9((-l)“‘. • • • . (- 1 )"-)) - 5 ) (v-iV-xl - . 


x€r(2L) 

The operator Vo is equivalently written as follows. 
Vo = 


Xj.qGr(2L)x{t.4.} 


(i=i.2) 


+ E Ua(U.)(V YW^i^y + yqu, 

V,VGr(2L)x{U} 


with 


K!^2(Uo)(((xi, (Ji), (X2, (J2)), ((yi, Ti), (ya, ra))) 

:= • • • 5 (“l)'^^’‘^))lxi=X 2 =yi=y 2 in (Z/2LZ)'^ 

(^(o-l,o'2)=(t,t) ~ ^(<7lV2) = (t,t)) (^(n,'r2) = (t,t) ~ ^(n,'r2) = (t,t))’ 

Ka(Uo)((x, (T),(y,r)) 

•= “ ’ (“l)*‘^))l(x,<T) = (y,r) in (Z/ 2 LZ)<^ x {U} ? 

xG{ 1,—l}'^ 

We can check that the kernels fW- {j = 0,1, 2) satisfy the conditions (E), 
(E]), • • •, (E]) with Ny = 2, fly = 2'^. We can estimate the factors Vq, 
Vm{c) (m = 1 , 2 ) for this interaction as follows. 

V2{c) < ni(c) < ^, no < 2'^-k 

The operator Vo — V),^o(Uo) is also one example of the interaction V and 
it is equal to the interaction treated in |[I2] when d = 2 and g is bijective. 

Example 1.4 (The density-density interaction). Let fd be a real-valued 
continuous function on satisfying that 

fd{0) = 0, |/d(x)| < (Vx G M'^), 
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where Ci,C 2 G M>o are fixed constants. We define the periodic function 
on by 


/L, .. 

1 J . • 'K , 

/ J , • TT , 


- 1 


\7T 

' \ m 

TT 

TT 


and the density-density interaction by 

Vd := Ud Y. fdi^ - y)(Ct^xt + - 1), 


x,yGr(2L) 


where Ud is the coupling constant. We can write as follow. 

Xj.yjer(2L)x{t.4.} 

0 = 1 . 2 ) 

+ E K iu,) (X, Y)rxi>Y + vi,(u,) 

x,yGr(2L)x{u} 


with the bi-anti-symmetric kernels (j = 0,1, 2) dehned by 
K^2(f^d)(((Xl, (Tl), (X 2 , (T2)), ((yi, Ti), (y2, T 2 ))) 

• ^^d/d(Xi X 2 ) 'y ^ Sgn(7/) Sgn(^) jjj (•2,/2LZ)^x{t,4.} 

?7,CeS2 


• 1 


(x^(2).cr,7(2))-(y{(l).l'5(l)) 


in (Z/2LZ)'^x{t,4.}5 


Kfl(f^d)((x,(T),(y,r)) := -2t/dl(x.a) = (y,r)in(Z/2LZPx{U} 5] 

zer{2L) 


Vl,(U,) := (2LYU, E 

z€r(2L) 


The kernels (j = 0,1, 2) satisfy the conditions (E]), ([n]), • • •, (jx!]) with 
Ny = 2, n„ = 1. The factors Uq, Vm{c) {m = 1,2) can be estimated as 
follows. 


r’ 2 (c) < 2 sup sup 'Y^ 

LgN /e{l,2,-- ,d} xer(2L) 




TT 


\fdi^)\ 


16 


ic\x\)^/'^-C2hx 


\a;€Z 

vi{c)<2 |/j^(z)| < 2ci 

z€r(2L) Vxez 

vq < 2 ^ Cl I 

\a:GZ 


,-C2^\x\ 


,-C2^\x\ 


The density-density interaction only between nearest-neighbor sites has 
particular importance for the flux phase problem, since it can be dealt 
within the framework of repeated reflection. Such a model is one special 
case of the interactions introduced above. To see this, let us choose a 
continuous function / on [0, oo) satisfying that 

(1.16) f{x) e [0,1] (Vx G [0, oo)), 

_ f 1 if X G [y 1], 

\ 0 if X G {0} U [J, oo) 


fix) 


and set 


/d(x) := / ^ ^“')- 


It follows that 

(1.17) /^(O) = 0, |/d(x)| < (Vx G zy. 

Moreover, for any x G Z®*, 

\ _ f 1 if 3j G {1, 2, • • • , d} s.t. X = ej or — ej in (Z/2LZ)'^, 
Jd y^J ~ 0 otherwise 

and thus, 

d Ud ^ ,d} s.t. x—y—Bj or —bj in (Z/2LZ)‘^ 

x,y€r(2L) 

• (V^xt^xt + 'f*^'fxi - l)(V^;t^yt + - !)• 

In this case the above estimation of ^ 2 ( 0 ), ni(c), Vq holds with Ci = 
C2 = 1 . 
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Example 1.5 (The spin-spin interaction). Let us choose real-valued 
continuous functions fgj {j = 1, 2, 3) on satisfying that 

= 0, |/a,i(x)| < (Vx G 


with constants Ci,C 2 G M>o- Then, set 


/tW ~ f: 


S,J 


L 


TT 


_ II 


L 


TT 


- IL--- 


L 


TT 


for X G With the Pauli matrices 


p(i) = 


0 1 
1 0 


p(2) _ 


0 -i 
i 0 


p(3) _ 


gT*.* - II 


1 0 
0 -1 


and the coupling constants Ugj {j = 1,2,3), the spin-spin interaction 
is defined as follows. 

V, :=i:v,„ 

.7=1 


(1.18) 


V.. := 


S,J 


u., E E 

x,y€r(2L) o-,r,p,A€{t,4.} 


0 = 1,2,3). 


The operators \/s,j {j 



1,2,3) can be rewritten as 

X,), (y., 


Xfc.YfcGr(2L)x{t.n 

(fe=1.2) 


with the kernels ^^^2 U — I? 2, 3) defined by 

Ki2(^yj)(((xi, (Ji), (X2, da)), ((yi, Ti), (ya, Ta))) 

•= - xa) 

• ^ Sgn(r/) Sgn(^)lx^^^^=y^^2) in (Z/2LZplx^(2)=y5(i) in (Z/ 2 LZP 
?7,CeS2 

. pU) pU) 

<^>7(1)V{(2) <^»7(2)V{(i)‘ 


18 



The kernel 1/satisfies (E]), (juj), • • •, (Ej) with = 2, = 1 and so 

does the whole kernel Kj ,2 with Ny = 2, = 3. For 1/^2 

upper bound on ^ 2 ( 0 ) is obtained as follows. 

V2{c) 


< 6 sup sup 


L£N 


E 




L. 


7T 


T®/ - 1| + 1 


.E^ik^le ^ ^-l|) 




l/i(x)| 


< 6ci 






d 


Again by using a continuous non-negative function / on [0, 00 ) satisfy¬ 
ing (11.161) we can formulate the spin-spin interaction between nearest- 
neighbor sites. By setting 

fsA^) = / 



/L, 

L, .. 

J-J , • TT , 

_ - 1 

, - 7^*2 _ 11 .. 

• ,- - 1 

\7T 

TT 

TT 


(i = l,2, 3). 


the operator dehned in ( 1 1.1 81) reads 

~^s,j 13A:£{1,2,--- ,d} s.t. x-y=efe or -e^ in (Z/2LZ)'^ 

x,yer(2L) (T,T,/i,A£{t,4.} 

■ (V'Lf’“V'x.)(V';,dAyA). 


Moreover, the upper bound on ^ 2 ( 0 ) derived above holds with Ci = 
C 2 = 1 since fgj satishes (1 1.171) in this case. 


4 

07r 


5 


In summary, the operator Vo+V^+Vs is one example of the interactions 
treated in this paper. 


1.4. The main results. For c £ M>o let D{c) denote the disk {z £ 
C I |z| < c}. Recall that for m £ {1, 2, ■ • • , Ny}, Vm{c) denotes the left- 
hand side of the inequality (11.141) . For any non-empty compact set K of 
C”"", (7(77; C) denotes the Banach space of all complex-valued continuous 
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functions on K, equipped with the uniform norm. Remind us that the 
norm of / G C{K-,C) is equal to sup^^;^ l/(z)|- The following theorem 
is the main result of this paper. 


Theorem 1.6. There exists a eonstant c{d, Ny) G M>o depending only on 
d and Ny sueh that the following statements hold true with the quantity 
R defined by 


Ny 


-1 


E c(d, Npv,{c{d, N,)) 


.1^1 


• 1 1-max 

2 me{l,2,-- ,d} 


^m—1 




Nyd 


min tj 

je{i,2,-,d} 


i=i 


max tj 
je{i,2,-,d} T 




1—Nvd 


Nyd 

2 


(1) There exists F{P,L) G C{D{R) ""■,£) parameterized by 13 E M>o 
and L E N satisfying L > max{ti,t 2 , • • • Rd}/3 sueh that F{f3, L) 
is analytie in D{R)^'" and 

F(,3.L)(U) =-^^log(Tre-n. 

(VU G n G M> 0 , 

L eN satisfying L > max{ti, t 2 , - ■ ■ Rd}f3)- 


(2) There exists F{I3) G C{D{R) C) parameterized by (3 E M>o sueh 
that 

^ lim f (/?, L) = F(f)) m C(D(W)'’-, C). 

L—>-oo,LGN 

with 

(3) There exists F G C{D{R) "";£) sueh that 

lim F{f)) = F tnC(D{iT'lC). 

(3 —>-oo,/3gM.>q 


If we restrict the interaction V to have a special form and choose the 
phase Olio satisfy a certain condition, the free energy density considered 
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in Theorem 11.61 becomes the minimum free energy in the flux phase 
problem. More precisely, we assume that 

(1.19) 

V=C/. ^ feV’xt- 

x£r(2L) ^ 


1 ' 




T Ud ^ ^ l-3fc€{l,2,--- ,d} s.t. X— y=efc or —in (Z/2LZ)^ 

x,yer(2L) 

• (^xt^xt + ^x4^x; - l)(V^;tV^yt + ^y;V^yl - 1) 

3 

+ l-3fc€{l,2,-- ,d} s.t. x-y=efe or -ej, in (Z/2LZ)'^ 

j=l x,yer(2L) cr,T,^,A€{t,4.} 

with the Pauli matrices {j = 1,2,3) and Uo G M, Ud,Usj G M>o 
{j = 1,2,3). The interaction V has a form to which the reflection 
positivity lemma [201 Lemma] is applicable. As studied in the previous 
subsection, the factors Uq, 'r'i(c), '^ 2 ( 0 ) for this interaction are bounded 
from above by a constant depending only on c and d. 

Recall that for a phase (p : x Z'^ —>■ M satisfying (11.11) we set 


( 1 . 20 ) 

Ho(v^) 'y ^ y ^ l3jG{l,2,--- ,d} s.t. x-y=ej or -ej in (Z/ 2 LZ)'^^ji '6 ’ 

x,yer(2L) cr£{t,4.} 


and H((p) = Ho((p) + V. The flux phase problem is to hnd a phase (p 
which minimizes the free energy —(1//3) log(Tr Theorem IB. 41 

which is a simple extension of Lieb’s theorem [20], stated in Appendix 
[B] implies that if the phase 9l satisfies (ll.ll) . (11.21) with 9j^k = for 
all j,k G {1,2,--- ,d} with j < k and (11.31) with ef = lLe 2 Z for all 
/ G {1, 2, • ■ ■ , d}, then 


- ilog(Tre-^^(^^)) 
= min | —— log(Tr 




Z^ X Z^ 


satisfying (ll.ll) 
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Combined with Theorem 11.61 we obtain the following corollary. 


Corollary 1.7. There exists a constant c{d) E M>o depending only on d 
such that the following statements hold with the quantity R defined by 

yd . 

mm tj max C 

[1,2,-,d} V ,d} 




_5 

(1) There exists F{ft,L) E C{D{R) ; C) parameterized by (5 E M>o 
and L E N satisfying L > max{ti, ^2, •'' ? such that T(/ 3 , L) 
is analytic in D{Ry and 


F(/3,L)(C„C,,C,,i,C,,2,C,,3) 

. r 1 


= mm 


(3{2Ly 


log(Tre-^^(‘^)) 


: Z“' X 


satisfying (1 1.11) 


> 0 ’ 


(Vf/o E D(R) n M, (bb, Us^i, Us,2, Us,3) E D{R) n 
(3 E M>o, L eN satisfying L > max{ti,t 2 , • • • Ud}f3)- 


_5 

(2) There exists F{P) E C{D{R) ; C) parameterized by jd E M>o such 
that 

lim F{p,L) = F(l3)mC(D(W)'-,C). 

L—>-oo,LCN 
with L>max{t]^,t25‘‘‘ 

(3) There exists F E C{D{R) ; C) such that 

lim F{fS) = F tnC(D{iT-,C). 

/3—)-cxd,/3gM>o 


Remark 1.8. Let us explain how Theorem 11.61 and Corollary 11.71 gener- 
alize IISI Theorem 1.1, Corollary 1.2]. Both in Theorem 11.61 and Corol¬ 
lary [TT] the spatial dimension d is any number larger than 1, while it 
was fixed to be 2 in [[121 Theorem 1.1, Corollary 1.2]. In Theorem 11.61 
we assume the flux conditions (11.21) . ( 11.31) . which are more general than 
the conditions jlSl (1,2)] requiring that the flux per plaquette is tt (mod 
27r) and the flux through the large circles around the periodic square 
lattice is 0 (mod 27r). As we saw in Example ll.3l the interaction V covers 
the on-site interaction considered in jlSl Theorem 1.1] as a special case. 
Concerning the spatial dimension and the flux conhguration, therefore. 
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Theorem 11.61 is more general than pilH Theorem 1.1]. However, here the 
hopping amplitude depends only on the direction and thus the whole 
hopping amplitudes are described by the d parameters 
while in pdH Theorem 1.1] the hopping amplitude is constant in each 
direction and is allowed to vary alternately and thus the whole hopping 
amplitudes are described by the 4 parameters th,o^ ^v,o” as it was 
2-dimensional. See pdH Figure 2 ] for the conhguration of the hopping 
amplitudes. Theorem 11.61 is less general than pdJl Theorem 1.1] only in 
this sense. In this paper we do not stick to the generalization of the 
hopping amplitudes in the interest of simplicity. If we assume that the 
hopping amplitude depends only on the direction in Theorem 1.1], 
then the factor “/t^” determining the possible magnitude of the coupling 
in |I2l Theorem 1.1] becomes the factor (min{li, l 2 })‘^(niax{li, 12 })”^ in¬ 
cluded in R in Theorem 11.61 In this setting, therefore. Theorem 11.61 
naturally extends |[ISl Theorem 1.1]. As for Corollary 11.71 the apparent 
generality is that the interaction includes not only the on-site interaction 
but also the density-density interaction and the spin-spin interaction as 
dehned in (11.191) . Moreover, the number L can be both odd and even, 
while it was restricted to be odd in |ini Corollary 1.2]. This general¬ 
ization is due to the fact that here the magnetic flux through the large 
circles around the lattice can be uniformly 0 (mod 27r) or uniformly tt 
( mod 27r) depending on the parity of L and thus the free energy density 
in Theorem 11.61 can be the minimum in the flux phase problem in both 
cases, according to the known sufficient condition restated in Theorem 

El 


Remark 1.9. It is not trivial to make explicit the dependency of the 
constants c((i, c{d) on d, N^. We can see from our construction that 
it would require a wide range of additional calculations to do so. Not 
to lengthen the paper further, we decide not to tackle this clarihcation. 

Remark 1.10. The condition (11.41) requires the flux per plaquette 9j^k 
not to vanish for any j, /c G {1, 2, ■ ■ • , d} with j < k. In 2-dimensional 
case the constraint (ll.4l) is fulhlled if 6 * 1^2 7 ^ 0 (mod 27r). This means that 
the inhnite-volume, zero-temperature limit of the free energy density can 
be taken if the system contains an arbitrarily thin magnetic held having 
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a chessboard-like flux pattern over the square lattice and the interaction 
is accordingly weak. 

Remark 1.11. The exponent 1/2 in ( 11.141) stems from the fact that we 
use a Gevrey-class cut-off function (f) satisfying that 

sup \(f)^'^\x)\ < 2”(n!)^, (Vn GNU {0}) 

(see the beginning of Subsection 13.11) . We can prove the similar results 
for the interactions satisfying (11.141) with the exponent r G (0,1) in 
place of 1/2 by using a cut-off function (f) satisfying that 

sup \(j)^'^\x)\ < consV^{n\)^, {\/n GNU {0}). 

However, this generalization will bring the extra parameter r into the 
major part of the construction since other parameters need to be tuned 
depending on r. In this paper we choose not to pursue this generalization 
for simplicity. 


2. Multi-band formulation 

In this section we introduce a 2Gband Hamiltonian operator whose 
free energy density is equal to that governed by the 1-band Hamiltonian 
H. Then, we will focus on the 2 '^-band model and derive the finite- 
dimensional Grassmann integral formulation of the partition function. 
The Grassmann integral formulation of the 2Gband model will be the 
major objective of our multi-scale analysis in the following sections. 

2.1. Multi-band Hamiltonian. We will define the hopping matrix of 
the multi-band Hamiltonian by induction with respect to the spatial di¬ 
mension. To this end, we need some notations. For n G N let Mat(n, C) 
denote the set of all n x n complex matrices and let denote the nxn 
unit matrix. Set 

r,(L) := {0,1, • • • , L - ir, := {1, 2, 3, • • • , 2"}. 

Note that for any p G Bn there uniquely exists (pi, P 2 , •'' ? Pn) £ {0,1}*^ 
such that p = Pi+i2-^ + l- Thus, we can define bn G Map(;Bn, {0,1}’^) 

by bn{p) := (pi,P2, • • • ^ Pn)- The map bn is bijective. We will suppress 
the index n of r„(L), Bn^ bn after fixing n to be the spatial dimension 
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d. We keep showing the dependency on n while we argue inductively 
with respect to n. For n G N and {ij)i<j<n £ we dehne the matrix 
UrM,) i<j<n) £ Mat(2”,C) parameterized by {^j)i<j<n as follows. Set 


Ote) := ( J ) . 


Assume that we have defined G Mat(2’^, C). Then, define 

C^m+i(te)i<j<m+i) e Mat(2’”+‘,C) by “ 






o 




Lemma 2.1. For any n G N, 


^n{{^j)l<j<n) {Pi P) 


— g* E"=l bn{p){Mj^^ 


{\/p,r] G Bn). 


Proof. The claim holds for n = 1 by dehnition. Assume that it holds 
for some n G N. Let p,r/ G Bn+i. If 6 „+i(p)(n + 1) 7 ^ bn+i{p){n + 1), 
Un+i{{^j)i<j<n+i){pjp) = 0 by dehnition. If 6 „+i(p)(n+ 1) = bn+i{p){nF 
1 ) = 0, by the hypothesis of induction, 

= U„mi<,<n){p,V) = V, 

_ piE"AA„+i(p)(i)C, r 
t Op^rf. 

If bn+i{p){n + 1) = bn+i{p){n + 1) = 1, by the hypothesis of induction, 

^n+l(fc)l<i<n+l)(p,p) = e*^”+'^n(fc)l<i<n)(p “ 2^, 7/ - 2^) 

= g*E”=i 

— bn+l{p)U )G X 

O Up^p. 

Thus, the result holds for n + 1. By induction, the claim holds for any 
n G N. □ 


Let G M for j, /c G { 1 , 2 , • • • , n} with j < k. Then, let ( 7 j,fc)i<j<fc<n 
denote the vector 


(71,25 7 i ,35 72,35 7 i ,45 72,45 73,45 • • • 5 7 n-l,n) ^ 


i(n—1) 
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For n G N we define Mn{{aj)i<j<n, {lj,k)i<j<k<n) £ Mat(2”, C) parame¬ 
terized by iaj)i<j<n G C”, i7j,k)i<j<k<n e as follows. 

^ 0 ) • 

Assume that we have defined Mm{{aj)i<j<m, {^j,k)i<j<k<m) £ Mat(2"”, C). 
Then, define Af„+i((%)i<j<„+i, {-Jj,t)i<j<t<m+i) G Mat(2'"+',C) by 

A4.+1 

/ Mra {lj,k) l<j<k<m ) ®m+lFjn ( ("Tiibre+l) l<j<m) j 

{lj,k) l<j<k<m) J 

We can see from the definition that Afn((ai)i<j<n, {lj,k)i<j<k<n) is her- 
mitian. The matrix AA((aj)i<j<„, {'yj,k)i<j<k<n) is meant to be a gen¬ 
eralization of the hopping matrix in momentum space. Before substi¬ 
tuting the physical parameters, let us summarize its general proper¬ 
ties. For any M G Mat(n, C) let ||M||„xn denote its operator norm 

SUPveC" with ||v||cn = l WM'vWcn. 

Lemma 2.2. (1) For any G Bn, 

(2.1) Af„(( {lj,k)l<j<k<n){Pj P) 

— l3je{l,2,-,n} s.t. b„{p){j)<bn{v){j) Ab„{p){k)=bn{ri){k) (Vfce{l,2,-,n}\{j}) 

. g*b>2 ECi b^ip)i0'yi,3 dj 

+ l3i€{l,2,-,n} s.t. bn{p){j)>bn{v){j) /\bn{p){k)=bn{v){k) (Vfc€{l,2,-,n}\{j}) 

. g-*li>2EClAn(»?)(07LiQ-_ 

(2) For any {Qi<j<n e 

^n{i^^j)l<j<n)^n{.{flj)l<j<n-) ) l<ji<fc<n)^n(l<j<n) 

FIn{.{F ^ i.'yj ,k') l<j <k<n) • 

(3) 

n 

II Af„((aj)i<j<„, (7j,fc)l<j<fc<n) ||2"x2" A E kil- 

i=i 
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( 4 ) 

inf ||-^n((Q'j)l<j<n? {'Ij,k)l<j<k<n)'^\\c 2 n 

with 

l|v|||j,2"=l 


> I 1 — ln>27: max 

2 me{l,2,--- ,n} 


^m—1 





+ E 

j=m+l 


1 + 


EKP 

i=i 


Proof. O: Assume that the result is true for p^ij E Bn with p ^ t]. Then, 
the result for p^p E Bn with p > p follows from the hermiticity of Mn- 
Thus, it suffices to prove the equality for p^p E Bn with p < p. It holds 
for n = 1 by dehnition. Assume that it is true for some n E N. Take 
p,p E Bn+i satisfying p <p. It follows that 6^+i(p)(n+l) < bn+i(p)(n + 
ij. If bn+i{p){n + 1) = bn+iip)in + 1), by setting m := 6^+i(p)(n + 1)2^ 
we see that 


{'1 j,k) l<j<k<n+l) {p-: p) 

= Mn{{aj)i<j<n, {'lj,k)i<j<k<n){p - m,p - m) 

— l3jG{l,2,-,n} s.t. hn{p-m){j)<bn{v-m){j) /\bn{p-m){k)=bn{v-m){k) (VfcG{l,2,-,n}\{j}) 

. e*b>2 ECi bn{p-m){i)ji^j 

— l3j€{l,2,-,n+l} s.t. bn+i{p){j)<bn+i{ri){j)/\bn+i{p){k)=bn+i{ri){k) (VfcG{l,2,-,n+l}\{j}) 

. g*b>2 E;=l ^n+lip)il)jl,j ^ 

= (the right-hand side of ( l2.1l) ). 

If b„+i{p){n + 1) < 6„+i(t;)(n + 1), by Lemma EUl 

{lj,k)l<j<k<n+l){Pi P) 

= an+lUn{{'yj,n+l)l<j<n){p,P - &n+l(^)(^+ 1)2'') 

~ '^K+l{p){k)=bn+i{p){k) (VfeG{l,2,---,n})6 

= (the right-hand side of (l2.1l) ). 

Thus, the results hold for n + 1. The induction with n proves the claim 
for any n G N. 

([2j): The equality for n = 1 can be conhrmed by a direct calculation. 
Assume that it is true for some n E N. By the dehnition and the 
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hypothesis of induction, 

f/n+l(te) l<j<n+l ( (®j) l<j<n+l ? l<j<fc<n+l) h^n+l ( (^j ) l<i<n+l) 

(®j) l<j<n5 (Tj,fe) ^<j<k<n) l<j<n) 

,!i+l)l<j<n} J 

uMi) (Ti.fc) l<j<k<n)Un(y{^j)l<j<n) I 

= ^n+l((e *^'’®j)l<j<n+l5 (Tj,fc) l<j<A:<n+l) • 

Thus, by induction the equality holds for any n G N. 

(E]): We can see from the dehnition that the inequality holds for n = 1. 
Assume that it holds for some n G N. By the unitary property of 
Un{{jj,n+i)i<j<n) ^ud thc claim (Ej) we have that 

Mn+i ( (®j) 5 (Tj.fc) l<j<A:<n+l) 

AA((aj)i<j,<n, (7i,fc) l<j<k<n) T |®n+l| A” 

^n-\-lUn ( (7i ,n+l)l<j<n '^<i<k<ri) 

an+iMn{{{l + 

Afn((nj)l<j<n? (7j,fc) l<j<k<n} ”t” |^ji+l| ^2" 




Thus, for any v,, V 2 G C^", 

( 2 . 2 ) 

M„«(( {'yj,k)l<j<k<n+l) ^ 

2 


2 


C2"+l 


(7i7) 


+ 2 Re (vi, 

an+lAfn(((l + e (7i,fc) i<ji<fc<n) fA( (7j',fi-+i) )V2) C2"- 

It follows from (12.21) and the hypothesis of induction that 

11 AA_|_i ( (flj ) l<j<n+l 5 (7^7) l<J<fc<n+l) 112 "+i x 2 "+i 










^ 11) l<j<n? (Ti,fc) II 2"x2" |®n+l| 

+ 2|a„+i|||M^(((1 + e (7j,fe)i<i<fc<n)|| 2"x2" 

sup ||Vi||c 2 H|v 2 ||c 2 " 

vi,V 2 GC^^ with 

^ I|-^^n.((®i)l<j<n 5 (Ti,fc)l<i<fc<n) ||2”x2" |®n+l| 

+ |o^n+l| ||^n(((l + e (7j,fc)l<j<fc<n) || 2"x2" 

( n \ ^ n 

l^jl I + l^^n+il^ + |f2n+i| |1 + e*’^'^’"'+^||aj| 

3=1 ) 3=1 



Thus, the inequality holds for n + 1. The induction with n ensures the 
result. 

([Ij): First let us prove that 

(2.3) inf ||M,((a,-)i<,'<n, (7j,fc)i<i<fc<n)v||^2» 

vGC^ with 

IKIIj,2"=i 

n n m—1 

^ yy i^ii^ “ in >2 yy iami yy ii+e*^'’'”iiaii- 

2 = 1 m=2 j—1 


We can check that the inequality (12.31) holds for n = 1. Assume that it 
holds for some n G N. By (l2.2l) . the induction hypothesis and the claim 

0. 


inf ||M„+i({a j ) l<j<n+l 5 l<j<k<n+l}'^ \ \ c 2 "+i 


vGC 2"+^ with 

l|v||_^2"+l^ 


vGC 2 with 

IKII^.2" =1 

+ |o^n+l|^ ~ l^^n+ll ||TA (((1 + e ( 7 i,fc)l<i<fc<n) ||2"x2" 
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n n m—1 

j=l m=2 j=l 

n 

+ |Q^n+i|^ ~ |Q^n+i| |1 + e*^^’"+^||aj| 

j=i 

n+l n+1 m—1 

= J2 ~ J2 

i=l rn=2 j=l 

Thus, the inequality (12.31) holds for n+l. By induction it holds true for 
any n E N. 

Dehne S E Mat(n, C) by 

( ||1 + if j < k, 

S{j, /c) := < Ijl + if j > k, 

[ 0 if j = k. 

It follows from the inequality (12.31) that 

inf \\^n{{(lj)l<j<m ( 7 j,fc)l<j<fc<n)’v||^ 2 " 

with 

l|v||^2^-l 

n n n n 

> “ ^n>2^^S{j,k)\aj\\ak\ > (1 - ln>2||5'||nxn) Y1 ' 

j=l j=l k=l j=l 


It remains to prove that 


1 


1 


( 2 . 4 ) ll'SII-x"^ 2 ™+ 2 y.„)lT|l + e'"*"l+ E Il + e‘ 


I 


^i=i 


j=m+l 


Though the inequality of this form is well-known (see e.g. 
jTI, Lemma 3 . 1 . 1 ]), we give the proof for completeness. Let a G M be 
an eigen value of S such that |q(| = ll^Unxn- Let v = (ui, ■ ■ • , VnY E C” 
be its eigen vector. We can choose / G { 1 , 2 , • • • , n} so that \vi\ = 
maxje{i,2,..,n} l+l- Then, 


||5'|Uxn = 


1 ” 

^ j=i 


V, 


j=i j=i 
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which is ( I2.4I) . 


□ 


Now we fix (i G N >2 and use the notations T{L), B, b instead of 
Td{L), Bdi bd respectively. Here we formulate the hopping matrix of 
our multi-band model. Set tt := (tt, tt, • • • , tt) G For parameters 
^ = {^j)i<j<d e 7 = {7j,k)i<j<k<d e we define E{£,j) G 

Map(R'^, Mat(2'^, C)) by 


F;(£,7)(k) -Md 




fX 1 l=1 


-7 


k G R'^). 


l<j<d 


We will see that £'(£,7) is equal to the hopping matrix of our multi¬ 
band Hamiltonian in momentum space if we replace £, 7 by the actual 
parameters. The next lemma follows from Lemma 12.21 and the definition 
of £(£,7)- 

Lemma 2.3. The following statements hold for any k G R"^, £ G R'^, 

( 1 ) 

f/,(7r)£{e,7)(k)C/,(7rr = -£■(£. 7)(k). 

( 2 ) 

U, C/j(k)£'(£,7) f-k + ^e) C/d(k)*f/rf (-js\ 

= £(£,7)(k). 


(3) 


l^(^,7)(k) 


d 

\2dx2d £ 2 tj. 


( 4 ) 


’A' 

dkj. 


£(£,7)(k) 


< tj, (Vj G {1, 2, • • • , d}, m G N>i). 


2dx2<^ 
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1 


inf ||E(£, 7 )(k)v| 

with 




^2^ 


= 1 


1 


> I 1-max 

2 me{l,2,--- ,d} 


1 


'’m—l d 

^ 11 + I + ^ 11 + 

J=l j=m+l 


- min • y + 

2 i€{l,2,- ,d} 

We define z/ G Map(;B x r(L),r(2L)) by z/((p,x)) := 2x + 6(p). Note 
that z/ is bijective. The momentum lattice r(L)*, dual to r(L), is dehned 
by 

With the physical parameters ef G {0,1}, 9j^k £ 1^ {l,j, /c G {1, 2, • • • , d} 
with j < k) introduced in Subsection II 21 we set := (£j)i<j<d, 


^ := {(^j,k)i<j<k<d- Then, we dehne F{£^,6) G Map((;B x r(L))^, 
G{£^,0) G Map(r(2L)^, C), which formulate the hopping matrices, as 
follows. 

F(e",0)(O.x),O,y)):=^ ^ 0)(k)O.»)). 


ker(L)* 


(V(p,x), (r/,y) eBx r(L)), 

Gy,6>)(x,y) := , 6>)(z/-^(x), z/-^(y)), (Vx,y G r(2L)). 

Moreover, we dehne ip G Map(Z'^ x Z'^, M) by 

(-1)®J + Mj>2 YILi '^Xi€2Z+ldl,j + lxj€2Zl£j 

if 3j G {1, 2, • • • , d} s.t. X — y = in (Z/2LZ)'^, 

la:,£2Z+l^Z,i “ la;^-G2Z+lf 

if 3j G {1, 2, • • • , d} s.t. X — y = —in (Z/2LZ)'^, 
, 0 otherwise. 

Note that p satishes (ll.ll) . 


(p(x,y) := < 










Lemma 2.4. (1) 



(S) 

|G{£^,0){x,y)| 


tj if 3] G {1, 2, • • • , (i} s.t. X — y = Gj or — ej in (Z/2LZ)'^ 


0 otherwise 


(Vx,yGr(2L)). 

(3) 

+ e^, x) + (^(x + Gj + Gfc, X + Gj) + (/?(x + Gfc, X + G^- + Gfc) 
+ (/?(X,X+ Gfc) 


= (VxGZ^j,/cG {1,2,--- ,4 withj <k). 

U) 


2L-1 


(/?(x + (m + l)ej, X + mGj) = s^tt, (Vx G Z'^, j G {1, 2, • • • , d})- 


Proof. (□), (ED: Take x,y G r(2L). Let (/?,x),(^,y) (g ^ x r(L)) 
be such that (p, x) = z/“^(x), (? 7 ,y) = z/“^(y). Moreover, let b{p) = 
{pi, p 2 ,--- , Pd), b{p) = (r/i, r/ 2 , • • • , 3d)- By Lemma E2] (P and the as¬ 
sumption that ej = 0 (V/ G {1, 2, • • • , d}), 

G(£^4(x,y) 


1 



+ l3i€{l,2,--,d} s.t. pj>Vj/\ Pm.=Vm (VmG{l,2,-,d}\{j}) 



l3iG{l,2,--,d} s.t. Pj<Vj /\pm=Vm (VmG{l,2,-,d}\{j}) 


33 




. g (modi) 

+ l3i€{l,2,--,d} s.t. pj>r)j /\pm=nm (VmG{l,2,-,d}\{j}) 

. g*lj> 2 Ei=i + e (modi) 




1l=i ^ 

^Xm=ym 


m—1 

m^j 


1l=i 


m=l 

m^j 


^3jG{ 1,2,--- ,d} s.t. jc—y—ej or —ej in (Z/2I/Z) /\^j 


I lx—y=—Gj in (Z/2LZ)'^ ~l~ ^x—in (Z/2I/Z)‘^6 y ( ^ ) 


+ l3iG{l,2,--,d} s.t. x-y=ej or -e^ in (Z/2LZ)d A a^ieSZ+lC*^'’"^ 1 ^j62Z+i6’/j^^. 


^Ix—y=ej in (Z/2LZ)'^ ~l~ ^x—y=—in (Z/2LZ)^6 



1l=i 


_ 1 1 1x,G2Z+1^*ZjY . 

-Ll= 1-L3j€{l,2,--- ,d} s.t. x—y=ej in (Z/2I/Z)'^6 


l3j€{l,2,--- ,d} S-t. X— y=ej in (Z/2LZ)‘^ 

g*(-l)^'^^^li>2 la:;G2Z+l^'ij+ila;jG2ZrSi'y; . 

~l~ l3jG{l,2r'' )C^} s.t. X— y=—Gj in (Z/2LZ)‘^ 

• lx;G2Z+l^'i.j-*la:jG2Z+lf£^y; 

This implies the claims (11]), (ED- 

): Take j, /c G {1, 2, • • • , d} with j < k and x G Z'^. By dehnition, 
(p(x + e^, x) + (p(x + Gj + Gfc, X + e^) + (p(x + e^, x + e^- + e^) 

+ (A(x,x + efc) 

i-i _ 

TT 


— ( —l)'^^'^^lj>2 ^ lx,G2Z+l^Z,j + Ia;j + 1G2ZY£^ 

1=1 ^ 
j-1 k-1 

L^Lfc + 1 2;,H-1 g 2Z+1%,A: + l.r,p9Z4-1 d 


+ (-l)*'=+2 


a:iG2Z+l'2i,A; W J-2;j + lG2Z+ll^j,A: “T a;/G2Z3-l”Z,fc 

1=1 l=j+l 
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^ 1=1 


i-1 


n 1 ^ 

Xi£2Z+l^l,j ~ -La:^G2Z+l^c-j 


k-1 




TT 




xi£2Z+iOi,k ~ Ixfcezz+i^'^fc 




Thus, the claim (El) holds. 

): The equality follows from the dehnition of if. 


□ 

Since we have constructed the hopping matrix, we can readily dehne 
the 2'^-band Hamiltonian. Using the creation, annihilation operators on 
the Fermionic Fock space Ff{L‘^{B x F(L) x we set 

^o:= 5] 5] F{£^,e){{p,x.),{r],y))'iJj;^^'iJjrjya, 

(p,x),(7?,y)GBxr(L) crG{tq} 


Nv 


v-=E 


E 


m=0 {pj ,xj ,r7j)Xvj,yj,Tj)eBxr{L) x{t,4-} 
0 = 1,2.-.m) 


Kj'(U)((i^(pi, Xi)cri, • • • , u{pm, x^)crj, (z/(r/i, yi)ri, • • • , ym)r^)) 

’^PlXlCTl ■ ■ ■ '4^ Orr.-X.mdrr.'^riiyiTl ' ' ' T, 

0 


E 

PlXlCTl 

// := //n + 


■^^myrnTTn 5 


for U e The operator H is dehned in Ff{LF‘{B x F(L) x 
and self-adjoint. The following lemma suggests that we can focus on the 
free energy density governed by the Hamiltonian H in order to prove 
Theorem 11.61 

Lemma 2.5. 

Tre”^^ = Tre”^^. 

Proof. Let us define the operators Hq, H' on F/-(L^(F(2L) x by 

x,y€r(2L) aG{U} 
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H' := Hi + V. 


Moreover, define the map W from x r(L) x to 

0(n(r(2L)x{t.;}))by 

Win,:} := n,,, 

^■■= €(„>.,),i ■ ■ ■ 


and by linearity. Here denotes the vacuum of Ff(L‘^{B x T{L) X 
{t, i}))- We can see that W is unitary, WHW* = H' and thus Tr e~^^' = 
Tre“^^. Since the phases 6*^, ip satisfy (ll.ll) . (Il.2l] and (ll.dl) . Lemma 


B.3I in Appendix [B] ensures that Tr e = Tr 


claimed equality. 


; . Thus, we obtain the 

n 


From here until the proof of Theorem 11.61 in Subsection 14.21 we mainly 
study Tre“^^ instead of Tre”^*^. 


2.2. Grassmann integral formulation. In this subsection we de¬ 
rive finite-dimensional Grassmann integral formulations of the quantity 
log(Tre“'®^/ Tr Most of the lemmas in this subsection are based 

on the same ideas as in |I2l Subsection 2.2, 2.3, 2.4, 2.5]. To avoid un¬ 
necessary repetition, we only provide parts of the proofs which need to 
be clarified. 

With the parameter h G (2//3)N the index set I of the basis of Grass¬ 
mann algebra is defined by 

/ := B X r{L) X {tV} X [0, X {1,-1}, 

where [0,(3)h ■= {0,l/h,2/h, ■ ■ ■ , 13 — l/h}, a discrete version of the 
interval [0,/3). Let N denote the cardinality of F Let V 

be the complex vector space spanned by the abstract basis {'i/Jx}xei- 
Then, let f\ V denote the direct sum of anti-symmetric tensor products 
of V. We call /\V Grassmann algebra generated by {'ipx}xGi- Apart 
from minor differences between the index sets, the basic description 
of finite-dimensional Grassmann integral in Subsection 2.2] applies 
in this paper as well. We follow the same notational rules concerning 
Grassmann polynomials set in |[I2], Subsection 2.2]. The Grassmann 
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polynomial V(ip), the analogue of the interaction 1/ in /\ V is dehned by 
(2.5) 


K(V-) : = 

E E Ie 

m=0 (Pj,Xj,CT^),(j)j.yj,Tj)GBxr(L)x{t,4-} SG[0 ,^)?i 
(i=1.2,-" ,Tn) 

■ KJ'(U)((z^(Pi, Xi)cri, • • • , iy(pm, X^)(7m), yi)n, ■■■ , ym)rm)) 

■ ^pixiais • • • pm^mO'm ' ' ' P pmym'^mS 

with U G We can expand a Grassmann polynomial f{p) G /\V 
by using the anti-symmetric kernels (m = 1, 2, • • • ^N) as 

follows. 

N / 1 \ 

/(</>) = /« + Eu Ez-Wx. 

m=l XgJ™ 

where /o G C, := for X = (Xi,X2, • • • ,X^) G 

For any function g on its L^norm ||5 '||li is defined by 

/I X m 

NU'^= U Eifl(x)i- 

It will be convenient to let HsfolUi denote l^^ol for 5^0 £ G as well. Set 
Umax '■= maxjep2,...,n„} \Uj\- Thc anti-symmctric kernels of V{iIj) can be 
estimated as follows. 

Lemma 2.6. 

|l/o| < 

llnmllii < 2'^^'^(iL'‘U^v^(0), (Mm e {1,2, • ■ ■ ,N„}), 

IIK.IU. = 0, (Vm e {1,2, ■ ■ ■ , Ar}\{2,4, ■ ■ ■ , 2iV„}). 

Proof. The bounds on |bo|, ||fonlUi (m G {1, 2, • ■ ■ , A/’}\{2,4, • • • , 2A^^}) 
follow from dehnition. Let m G {1,2,-•• ,Ny}. By |[I21 Lemma B.l], 
the bijectivity of u and the dehnition of ^^(0) we have that 
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<P IKJ(U)((xi(Ji, • • • (yiTi, • • ■ ,y^rj)| 

(xj,(Tj),(yj,Tj)Gr(2L)x{t.4-} 

0 = 1,2,-,m) 

□ 


The free covariance C is defined as follows. For (p, x, cr, 2 :), (?y, y, r, y) € 
Bxr(L)x{t,4.}x[0,/?), 

( 2 . 6 ) 


C{pyLax, pyry) 


Tr 


where •= Let denote the set of the Matsubara 

frequency (7r//3)(2Z+ 1). We introduce the hnite subset A4h of M. by 


M-h := {cj G Ad I |cj| < irh}. 

If we restrict the time variables to the discrete set [0, (3)h, the covariance 
can be written as a sum over Mh x r(L)*. Set 

Io:=Bxr{L) X {t,;} X [0,/3),. 

For (/?,x,(j,x), {y,y,T,y) G /q, 

(2.7) C{pyLax,yyTy) 

P {uj,li)£MhXT{L)* 


where S G Map(IR'^, Mat(2'^, C)) is defined by 

f(k) := £;(-£O-0)(k). 

Let us briefly explain how to derive (l2.7l) . It is implied by jlSl Lemma 2.1] 
that 


C{p-K(jx, pyry) 

^ (tJ,k)GVf^xr(L)* 

Then, by using that E{£^^ ^)(k) = E{—£^, —0)(—k) we obtain (l2.7l) . 
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The next lemma states that the quantity log(Tr Tr is 

equal to the time-continuum limit of the Grassmann Gaussian integral 
with the covariance C. Despite the generalization of the interaction, 
its proof is parallel to fTSl Lemma 2.2], which was built upon the idea 
that the discretization of the integrals over [ 0 , ;d) inside the perturba¬ 
tive expansion of Tr / Tr converges well as the step size is sent 
to zero. For any 2 ; G C\M<o we define log 2 ; G C by the principal value 
log \z\+i6 with 9 G (—tt, tt) satisfying 2 = | 2 ;|e*^. See (121 Subsection 2.2] 
for the dehnition of the Grassmann Gaussian integral / 

Lemma 2.7. (1) For any r G M>o there exists ho G ]R>o sueh that 


Re J e > 0 , 

(VU G HR^Fhe (2//3)N with h > ho). 

(2) For any r G M> 0 ; 


lim sup 

h >^00 - llq, 

?IG(2//3)N U€-D(r) nE"’' 




= 0 . 


Next we connect the above formulation to another Grassmann integral 
formulation which has better symmetric properties from a technical view 
point of infrared integration process. The general estimation in piTl 
Appendix B] underlies the analysis in the rest of this section. Let y be 
a compactly supported smooth function on M satisfying that x(x) G [0,1] 
(Vx G M). This section proceeds without imposing more conditions on 
y. The function y will be specihed after this section. Using y as a 
cut-off function, we introduce the covariances G<o, G+q, CGo, G“q, 

X G Map(/o, C) as follows. For (p, x, cr, x), ( 77 , y, r, y) G /q, 

P {uj,kFMhXr{L)* 

■ y(h|l — e*^|)h“^(/2d — 
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( 2 . 8 ) 

CJo(/?xcrx,r/yr?/) := 






E 


J{x-y,k)+i{x-y)uj 


C^Qip-Kax.rjyry) := ^ ^ e 


{Lo,k)&MhXr{L)* 

■ (1 - x{h\l - e*^|))/i-^(/2d - 

SrrT 


l5Ld 


*(x-y,k)+i(a:-2/)a; 

(a;,k)GA1^xr(L)* 


(2.9) 

C-Q{p^ax,pyTy) := 


Pld 


E 


^i(x-y,k)+i(*-2/)a; 


(c^,k)€XftXr(L)* 

• (1 - X(^|l - - /2d)”^(/?,r/), 

Ctt\p^<^x,yyTy) := C+Q{p^ax,yyTy) 

l(p,x,cr)=(r 7 ,y,r) 


+ 


j3h 




uj€Mh 


X(/?X(7X, r/yr^) . l(p,x,CT,a;) = (77,y,T,t/)- 

One can derive from the definitions that 

(2.10) C^i^\pyLax, yyry) = C'-o(/?xcrx, r/yr^) + l{p-^ax, yyry), 
(V(p,x,cr,a;), (r/,y,r,^) G /q). 

The next lemma can be proved by applying Gram’s inequality and the 
Cauchy-Binet formula in the same way as in the proof of p!91 Lemma 2.4]. 


Lemma 2.8. There exist {P, 8)-dependent, h-independent con¬ 

stants hn, Cl G M>o such that the following inequalities hold for any 
h G (2/;d)N with h> ho. 

I det(Co(Xi, Yj))i<ij<n\ < Cl, 

|det{cJi'‘>(y.,y) - c;„(v,y))i<«<„l < Ic?, 

I det(cj„(Xi, y) - cy(v,y))i<«<„l < ly, 
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(Vn e N, Xj, Yj E Iq (j — 1, 2, • • ■ , n)) 

/^+ /^+ /^oo (^+{h) 

JOI Oo — O, 0<Q, Ly>o • 

In the following we assume that h > ho so that the results of Lemma 
12.81 are available. Dehne the Grassmann polynomials G'^('0), G“('0), 
5+(^),5 -(^),^o(^)g AVby 

( 2 . 11 ) 

G+(^) := G(^), 

Nv . 

v-E) := E E r E (-ir 

m=0 (Pj,Xj,(Tj),(r)^,yj,r^)GBxr(L)x{t.4.} se[0,^)?i 

(i=1.2,--- ,m) 

■ Xl)(Tl, ■ • • , X^)a^), (z/(r/i, yi)ri, • • ■ , ym)Tm)) 

"^PlXiaiS Pm^mO-ms'^Viyi^lS '^^Vm'ymTmSI 

S‘{i>) := j e-'^‘f*+*'>dfj.ciSE), (<5 e {+,-}), 

For conciseness let g{a) denote 


Ny 


01% + + if^'vUO) 


m=l 


for a G M>o, where Ci is the constant appearing in Lemma 12.8 
Lemma 2.9. (1) 

15*0 - e"^°| < (Vd G 0}). 

( 2 ) 

N 

E“’"dl|5.1|U. < (Va e K>o,<5 e {+,-,0}). 

m=0 


41 







(3) 

N ^ -| 

a'^cfWS^ - < (^QUma.g{a+l) _ 

t~\ > V 

m=0 

U) 


(Vq^ G M>o). 


N 


E «’"c?ll'S.; - S'" lU. < -^{U„„g{a) - 


m=0 

(Vq^ G M>o). 


Proof. Combination of Lemma 12.61 Lemma 12.81 and 
jini Lemma B.2 (1),(2),(4)] yields the inequalities in ([I]), ([2]), (Bj)- 
Let us prove the inequality in (Hj), which is a generalization of pUl 
Lemma 2.6]. Dehne the functions (4 = , m = 1, 2, • ■ ■ , Ny) on 

{B X r(L) X X X r(L) x by 

^m(((duXi,cri), • • • ,(p^,x^,crj),((r/i,yi,ri),--- , (r/^, Ym, r^))) 

:= (l5=+ + l5=_( —1)"”) 

• b^m((^(PuXi)cri, • • • ,i^(pm,x^)cr^), (z/(r/i,yi)ri, • • • , y^r^n)), 

(V(Pi, Xj-, (7j), {rjj, Yj, Tj) eBx r(L) x {t, 1} (j = 1, 2, • • • , m)). 

For any s G [0,(3)h, X = (Xi,X 2 , • ■ • ,X^) G x r(L) x {t4})^we 
abbreviate • • • , Xi)^((Xi, s), (X 2 ,s), ■ ■ • , (X^,s)), 'fx.s'^x^s 

'^x,s'fx 2 s---'fxms to X, Xs, respcctivcly. For s G 

[0, /3)h we dehne VF/(V^) G A b* (<^ = +? “) by 

Ny 

ir.V):=E E 

m=l X,YG(Bxr(L)x{tq})'" 

Take Si, S 2 , ■ ■ ■ , Sn E [0, /3)h satisfying Sj ^ Sk (Vj, /c G {1, 2, • • • , n} with 
j ^ k). By the invariance (11.131) . the equality (12.101) and anti-symmetry, 

( 2 . 12 ) 

/ n 

j=i 
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« n 

j=i 

^ n / Ny ruj 

=/n EE E 


j-1 \ "ij-l ^j-0 x^-,Y^e(Bxr(L)x{t4})™J 


m 

i 


// y 


Wje(Bxr(L)x{t4}) 

VV+((X„ W 4 , (w;, Y 4 )(^ + 


(jSir WjSj-rw.s, 


dfixii^ )dfic-,{'^ ) 

n / Ny rrij 


m 

h 


C 


n It / ■■-J 

= /n EE E 

j-1 \mj-lZj-0 Xj,Yje(Bxr(L)x{t4})™J 

WjG(£5xr(L)x{t4})'-’ 

■ 11'+ ({X„W,),{W;,Y,))(V; + r)x,,j^ + ^‘)Y,,, )d^«c;„(V'') 

« n 

j=i 

Define Q^{'iJj) E /\V {6 = +,—) by 

N 


gV):=e-» + e-EEffl(x E 


77 I \ 

^=1 V 


lvjVA:€{l,2,- ,n}(j 7 ^A:->-Sj 7 ^Sfe) 


TIKE)- 

j=i 


Then, the equality (12.121) implies that 

J Q+i'ip + 'ip^)dfi^+w{'ip^) = J Q~{i^ + 'ip^)dnc-^{ilj^)- 
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Therefore, 

(2.13) - g+(^ + 'ilj^))diJ.^+ih){'iJj^) 

- J (e”^ - Q”(^ + 


Let us set 


:= J{e _ Q+(^ + 

For any m E {0,1, • • • , N} we can characterize S'^{'iJj), the m-th order 
part of as follows. 

Nv 'm-j mj 


siE) =«-"“E^^n 


n=2 


ni 


i 


E EEE 

i=l \ s,e[0,/3),i mj=l A:j=0 


m, 


mj 

h 


Y, 1F+((X,,X'),(Y,,Y')) 

Xje(Bxr(L)x{t,U)”'J"h,x'.G(£5xr(L)x{t4})'''’ 

YjG(Bxr(L)x{t4})”'j"'PY'G(Bxr(L)x{t4})'-’ 

l3j3fe€{l,2,-- ,n}U¥^kASj=Sk)^Yl]=i L=E"=i 

■ J t^XiSit^YiSi^XaSsl^YsSz ' ' ' l^X^Sn^YnSn^Fc+W 

■ '0X;si1^Y;si^X'2S21^Y'2S2 ' ' ' '^X'nSn^^'nSnl 


where the factor £± G {1,-1} depends only on kj,lj {j = 1, 2, • • • , 
n). From this equality, Lemma [2.81 Lemma B.l] and the inequality 
that 

n ( 


1 


n f E |i 


3j3k£{l,2,-- ,n}{j^kASj=Sk) — 


\ Sj£[0l/3)/ty 

we can deduce that 

N 


n \ P 



n—1 


h ’ 


(Vn G N>2), 




n=2 



(3 


n-1 n / Ny ruj rrij 

n EEE 


h 


j—l \ mj = l kj—Q lj=0 


ruj 


rrij 

h 
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X,Y£(r(2L)x{U})’”j- 
Thus, for any a. G ]R>o, 

N NI2 


7 _ m 

j=l O'- 2 


m=0 


< 


m=0 

1 

2^ 

1 


■jUmax^L t;Q 


E 


1 


{Umaxg{0i) - UmaxPL'^VoT 


{U^ax9{a) - Urr,axPL\fe^--^^‘^\ 


2ph 

The Grassmann polynomial 


can be estimated in the same way as above. By combining these bounds 
with the equality (12.131) we can derive the claimed inequality. □ 

Lemma 2.10. Let a G M>o and e G (0,1). Assume that 

2{e + l)\ 


Umaxg(^^') — log 

Then, the following inequalities hold. 
( 1 ) 


l-S'o' -e-^°| < 


£ + 2 ' 


£ + 2 


(Vd G { + , —, 0}). 


( 2 ) 


N 


sup IlS'^IUi <£ inf 

^ - d£| + ,-,0| 


(5g{ + ,-,0} 


Proof. ([ID : It follows from Lemma 12.91 (HD and the assumption that for 
6 G {+, —, 0}, 

\So - 6”^°I < - 1 < . 

£ + 2 
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): The assumption implies that 

(2.14) ^ x)(2 - 
Moreover, by Lemma 12.91 ([I]) and the inequality that 

- 1 

we see that 

(2.15) 
for any 6 G 

(2.16) 

^£{+,-, 0 } 

Using Lemma [231 (12D, (12.141) and (12.161) . we have that 


jg^P)_11 <C 

-1|< |5*-e-''"| + 

|e-^° - 

0}. Thus, 


2 _ ^Umaxgio') ^ 

inf j, 


N 


sup ^ 

(5g{+,-,0} 




|5'l|Ui < - inf IS'JI < £ inf \S^^\. 


5g{+,—,0} 


(5g{+,—,0} 


n 


Lemma 2.11. Let a G M>o, £ G (0,1). Assume that 

'2(£ + l)h 


Umaxg{a + 1) < log 


£ + 2 


SetR^{i{j) := logS^{i{j), [6 G {+,—,0}). Then, the following inequalities 
hold for any h G {2/(d)N satisfying h > max{l/2, 2//3, ho}. 

( 1 ) 


I^Sl < log 


T + 2' 


, (V(5 G {+, —,0})- 


( 2 ) 


N 


< -iog(i-£). (V5e {+,-.0}). 


m=l 


(3) 


< -log(^l-max|l,i|^^ , (V^ G {+,-}). 
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( 4 ) 

^ m f 4 1 1 

Y,^a^Ci\\RL- RI\\l^ (V (5 G {+,-}). 

Proof. It follows from (12.151) and the assumption that 

I'^O ~ ^ I 9 ^ ^ ^ + ’ 

£ + 2 

This means that the assumption of [121 Lemma B.3] is satished and thus 
we can apply it. The claims can be proved in a way close to the proof of 
PUI Lemma 2.8]. We only explain which lemmas are necessary to prove 
each claim. We use the assumption, (12.151) and |I2l Lemma B.3 (1)] 
to prove the claim ([I]). The assumption and Lemma 12.101 (E]) enable 
us to apply |I2l Lemma B.3 (2)] to prove the claim (E]). We use the 
assumption, Lemma (131).(141). (12.161) and |I2l Lemma B.3 (3)] to prove 
the claim (E]). By combining the assumption, Lemma E^ (131) . (141) . Lemma 
12.101 (ED and (12.161) with [121 Lemma B.3 (4)] we can deduce the claim 

(HD. □ 

Here we reach the lemma stating that the Grassmann integral formu¬ 
lation in Lemma [2.71 can be approximated by another formulation which 
will turn out to have a desirable symmetry later in Section [H We will 
mainly deal with this formulation in the infrared multi-scale analysis in 
Section [H 

Lemma 2.12. There exist {P, L, d, 5^(2), y, 8)-dependent, h-independent 
eonstants ho, 02,03 G M>o sueh that the following statements hold for 
any h G (2/;d)N satisfying h > ho and U G C"’' satisfying \Uj\ < 02 
(Vj e - ,n„}). 

( 1 ) 

Re f > 0, 

Re j (V^) > 0. 
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(S) 

log - log (I 


1 

- 


Proof. Take £ G (0,2/5). Assume that 

Umax < 5'(3)-Mog • 

Then, all the inequalities claimed in Lemma 12.111 hold with a = 2 and 
h G {2/P)N satisfying h > max{l/2, 2//3, ho}. Note that the inequalities 
proved in Lemma 12.Ill have exactly the same form as those proved in piTl 
Lemma 2.8]. Based on these inequalities and jlSl Lemma B.2], we only 
need to follow the same argument as in the proof of pUl Lemma 2.10] 
to obtain the results. □ 


3. The Matsubara ultra-violet integration 

In this section we carry out a multi-scale integration over the large 
Matsubara frequency. In the hrst subsection we summarize properties 
of the covariances with the Matsubara UV cut-off. Most of these prop¬ 
erties have already been proved in pHl Lemma 6.2, Lemma 6.3]. We 
only provide proofs for claims which are not directly implied by pdH 
Lemma 6.2, Lemma 6.3]. Using these results, we will establish upper 
bounds on Grassmann polynomials produced by the Matsubara UV in¬ 
tegration in Subsection 13.21 and Subsection 13.31 Though these subsec¬ 
tions are aimed at achieving the same goal as in 

jini Subsection 5.1, Subsection 5.2, Section 6], the generalization of the 
interaction creates different aspects which cannot be skipped without 
proof. We will provide the full construction of the Matsubara UV inte¬ 
gration. 

3.1. Covariances with the Matsubara ultra-violet cut-off. From 
now till the proof of Theorem 11.61 in Subsection 14.21 we assume that 

(3.1) max tn = 1. 

Theorem 11.61 the main theorem of this paper, can be deduced from that 
proved under this condition. It follows from Lemma lOI (131) . (U|) and (l3.1l) 
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that 


(3.2) 


sup sup 


'A' 

9k J, 


^(k) 


<2d, (VneNUjO}). 


2'^x2^ 


In Lemma 6.1], which was based on Theorem 1.3.5], we intro¬ 
duced a function 0 G C®°(]R) satisfying that 

(f){x) = 1, (Vx G (—oo, tt^/G]), 

0(x) = 0, (Vx G [7r^/3, oo)), 
d 

—Mx) < 0, (Vx G 
dx 


(i) 


< 2^(/c!)2, (Vx G M, /c G N U {0}). 


We keep using this function to construct cut-off functions in this paper 
as well. 

The inequality (13.21) suggests that the general results in 
|ini Subsection 6.1] hold with “£'i = 2d”, “£'2 = 1” for our covari¬ 


ances if we dehne the cut-off functions in the same manner as in ITT 
Subsection 6.1]. Let us do so for simplicity. With M G M>i, set 

2V6 


Muv := 


TT 


■(2d + 1), 


Nh := max 


log {2h{^ 


- 1/2 


Mdl^ 


log M 


+ 1,1 


Here [xj denotes the largest integer not exceeding x for x G M. It follows 
that 

0(MdjM-2^^h2|l - = 1, (Vcj G R). 

We dehne the cut-off function Xh,i ■ R —^ R>o (^ = 0,1, • • • , N^) by 

XmG) ■■= <P(MXhX - 

Xm(w) := - e‘*p), 

(cj G R, / G {1, 2, • • • , Nh}). 
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These functions have the properties described in |I2l (6.3), (6.4)]. Using 
these functions, we dehne the covariances with the Matsubara UV cut¬ 
off Cf : /q —^ C (/ = 0,1, • • • , Nh) as follows. 

Cj^{p-Kax, pyry) 

■=§fi E n), 

P {uj,\i)£MhXT{L)* 

C[- {p^ax, pyry) 

■=^i E - hA-"(p, V), 

^ {uJ,]i.)€MhXT{L)* 

((p,x,(j, x), {p,y,T,y) G Iq). 

Here let us introduce some notations which will be used to study the 
decay properties of the covariances in this section and for many other 
purposes in the rest of this paper. For any (p, x, a, x, d), ( 77 , y, r, p, 1 ^) G /, 
j G ,d}, set 

dj{{p,^, a,x,e), (r/,y,r, 7 /, 0 ) 

.= / ifj= 0 , 

\ - e*w(y.ed| if j g { 1 , 2 , • • • ,d}. 

For any x G {l/h)Z let r^(x) G [0,P)h, Tip{x) G Z be such that x = 
np{x)l3 + rp{x). This dehnes the maps Vp : (1//7)Z —>■ [0,;d)/i, np : 
(l//i)Z —> Z. We will assume that 

(3.3) /?!, (32 G N, /di < (321 h G 4N, 

when we need to estimate differences between anti-symmetric functions 
dehned at 2 different temperatures. Here Pi, P 2 are meant to be the 2 
different inverse-temperatures. Though the inverse temperature origi¬ 
nally belongs to R>o, we will later see that the convergence property of 
the free energy density as /3 —)■ 00 (/3 G M>o) can be deduced from the 
convergent property as /3 —)■ 00 (/3 G N). On the assumption (13.31) . set 

■_A r_A _A , 1 _A , 2 A _ 1 1 

4 ’ 47/ 1 4 ’ 4 4 ^h’"' ’ 4 h]' 
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Note that 0 G [—/?i/4, We define the index sets /o, /, /q, by 


/o:=Bxr{L)x{t.;}x 

/S:=Sxr(I,)x{t,d}x{0}, 


/:=/„x{l,-l}, 


For any (p, x, cr, x, 0), (r/, y, r, y, 0 G /, J G {0,1, • • • , 4, set 
(ij((/?,x,cr,a;,0), (r/, y, r, ?/4)) 

_ / k - ?/| if j = 0 , 

■“ 1 if j G { 1 , 2 , • • • , 4 . 

In fact these notations were used in |I2]. We add the notation [P) to 
the right side of a temperature-dependent object when we want to show 
its temperature dependency explicitly. For example we sometimes write 
Iq{[5) instead of /q and C^{(5) : loiPY —^ C instead of C,^ : 4 —> C. 


Lemma 3.1. Assume that h > There exists a constant Cq G ]R>i, 
which depends only on d, M, and a constant G (0,1] independent 
of any parameter such that the following statements hold for any 6 G 
{+? ^ G (1, 2, ■ • • , Nh}. 

( 1 ) 

(3.4) I det((pi, (Xi, 4))i<ij<n| < 4, 

(Vm,n G N,Pi,qi G C”" with ||pi||c-, ||qi||c- < 1, 

Xj, Yi ^ Iq (z = 1, 2, • ■ ■ , n)). 

( 2 ) 

(3.5) I det((p„ q,4.Cf ((X„ s), ( 4 , s)))i<M<n| < (M"^ + 

(Vm,n G N,Pi,qi G C”" with ||p*||c™, ||qi||c™ < 1, 

Xi,4 eBx F(L) X It, 4 (^ = 1,2, - ■■ e [0,4;,). 

(3) 

(3.6) ^ 
sup sup i y;(4(X, Y) + 

j'e{0,l,- ,d} ^ Yel 
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< Af-^co. 

(J^) On the assumption (l3.3l) . 

(3.7) I det((pi, 

- det((p„ Pjyjrjr^^{yj)))i<ij<ri 

{ym,n G N, Pi,q, G C”" with ||pi||c™, ||qi||c™ < 1, 

{pi, Xi, (Ji, Xi), (r/i, Yi, Ti, Pi) e Iq (z = 1, 2, • • • , n)). 

(5) On the assumption (13.31) . 


(3.8) 


1 

sup - 

xeP 


E 


gE,to(¥C-(d+l)-"M-2d3(X,(^,y,r,y,0))'/' 




■ \Ct{Pi){X,pyTrp,{y)^) - Cf{P2){X,yyTri3,{y)^)\ 

< A”"A7-^Co. 


In (jS), Cf : C denotes the anti-symmetric extension of Cf 

defined by 

(3.9p 

Cf({X,0), (y,{)) := \(liuxx-r,Cf{X,Y) - liu)=i-u;Cf(Y, X)), 
(vx.ye/„.«.{€ {1,-1}). 


Remark 3.2. There are unfortunately insufficiencies in the estimation 
of the difference between the determinants dehned at Pi, P 2 in the proofs 
of jlSl Lemma 6.3, Lemma 7.14], though the results themselves hold 
true. Here we prove (l3.7l) in a way that it recovers the insufficient parts 
of the proofs of the related inequalities in [121 Lemma 6.3, Lemma 7.14]. 

Proof of Lemma fO . First of all, let us note that the condition “h > 
e2^i” required in |[I2l Lemma 6.2, Lemma 6.3] is equal to h > in 
this case because of (13.21) . Thus, we can refer to these lemmas in the 
following. 

([I]): This was proved in |I2l Lemma 6.2]. 
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(E]): Let us confirm that there exists a constant c{d, M) G M>o de¬ 
pending only on d and M such that 

(3.10) ICf (pxcrs, ? 7 yrs)| < c{d, + M“^), 

(V(p, X, (j), (r/, y, r) G ^ X r(L) x {t,s G [0, P)h). 


By periodicity, for any j G {1, 2, • • • , d}, 
L , • 2ir 


27r 


e — l)C';'^(-xcrx,-yr^) 




r ^ 27 r/L 

.. 27r Jo 




(oj,k)GA 1 ,,xr(L) 


A 

dp 

Sa,T 

jr^ 


h-\l2d - e-'^Ld+i^’(k+pep^-i 


E 


J{x-y,k)+i{x-y)u 


{uj,k)GMhXr{Lr 


XhA^) 


d 


r‘2Tl/L 

27r Jn 


dp 


• h-\l2d - 

Using the inequalities [12], (6.7), (6.10), (6.14)], we can derive from the 
above equality that 


L(e-T<™>)-l)C+(-xcri,.yry) 


< c(d,M)M-b 


2d-x2d 


This inequality implies that 

(3.11) |C',+ (pxcrx,r/yry)| < c{d,M)M-\ 

(V(p, X, cr, x), (r/, y, r, y) G Iq with x 7 ^ y). 

In the hnal part of the proof of [T21 Lemma 6.2] we proved that 


(3.12) 


||C'+(- 0 (jO, -0(70)112^x2^ < c{M){M^-^^ + M-') 
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with a constant c{M) G M>o depending only on M. The inequalities 
(13.111) . (13.121) imply (13.101) for ^ = +. The proof for <5 = — is paral¬ 
lel. The determinant bound (l3.5l) can be obtained by combining the 
determinant bound ( 13.41) with (l3.101) . 

(ED,©: These were essentially proved in jlSl Lemma 6.2, Lemma 6.3]. 
Recall that the weight “w(0)” was given by 

Cw{d1) ^ min{Tf[/v, (L /2 + 1 ) 

with a constant G (0,1] independent of any parameter in 
pm Lemma 6 . 2 ]. Since .L 2 = 1 in the present case, mm{Muv, {E 2 + 
1)“^} = 1/2. We can replace (l/2)cy, in the weight “w(0)” in 
jm Lemma 6.2, Lemma 6.3] by to obtain the weight c^y(d+ 
with some G (0,1] and thus (13.61) and ( 13.81) follow. 

(ED: The inequality |ISl (6.27)] implies that 

(3.13) \C+{/3i){p^ar(^^{x),r]yTrp^{y)) - C+{/32){p^arp^{x),r]yTrp^{y))\ 

< c{d, (V(p, X, cr, x), (r/, y, r, y) G /q). 

Take any (p^, Xj, cr^, x*), (r/*, y*, r^, y^) G Iq and Pi,qi G C"" satisfying 
IIpPIc™, llq/lc™ <1 (^ = 1 , 2 , • • • , n). Dehne Ci, C 2 G Mat(n, C) by 

Ca := ((Pz, ^iyiL-^/?a(yi)))i<i,i<n, {a = 1 , 2 ). 

Since 

Ci-C, = ( Ci /„)(_ q ). 

the Cauchy-Binet formula yields that 

det(Ci - 02 )= Y. (( ) (b 

7:{1,2,--- ,n}-i-{l, 2 ,--- , 2 n} 
with 7(l)<7(2)<---<7(n) 

By using ( 13.41) and assuming that 7 ( 0 ) = n, j(n + 1) = n + 1 we see 
that 

n 

(3.14) |det(C,-Cj)! < E E f 7(m)<n<7(m+l)CQ Cq 

m=0 7:{1.2,••• .«}->{!,2,■■■ , 2 n} 
with 7(l)<7(2)<-"<7(n) 
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E 

m—O 


n 

m 


n 

n — m 


cl < 2^^c, 


2n 

0 - 


By expanding along the 1st column and using (13.131) . (13.141) we have 
(3.15) 

n 

I det(C, - C,)\ < c(d,M)l3;hl-i T ket{(Ci - C,){i, 


S=1 






By applying the Cauchy-Binet formula once more and substituting (13.41) . 

(M, 

I det Cl — det C 2 1 


E 

7:{1,2,--- ,n}-)-{l, 2 ,--- , 2 n} 
with 7(l)<7(2)<---<7(n), r(l)<n 

■det{{Ci-C 2 In){in{j)))i<ij<n^^^(( 

\\ ^ / / l<2,j<n 

n 

<E E l7(m)<n<7(m+l)C(d, M)/3 M Cq 

m=l 7:{l,2,---,^}^{l,2,---,2n} 
with 7(l)<7(2)<---<7(n) 

< (3--^M-^{c{d,M)coT. 

Thus, we obtained the determinant bound of the form (13.71) for ^ = +. 
The bound for 6 = — can be proved in the same way. □ 


3.2. Isothermal bounds. Our multi-scale analysis at fixed temper¬ 
ature is built on estimation of kernels of Grassmann polynomials with 
respect to scale-dependent (semi-)norms. Let us dehne the (semi-)norms 
at this point. Set 

w(0) := Cw{d + 

with the constant £ (0,1] appearing in Lemma IXTl For I £ Z<o, set 
w{l) := w{0)MK For an anti-symmetric function / on irn > 2) we 
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define 

(3.16) 


/Iko, ll/lki by 


(-1 \ m—1 

' Y=(yi,y2,-,yn-i)£/'"-i 

l/lki 

:= sup sup sup 

i'€{0,l,-- ,d} gG{l,2,- ,m-l} Xg 7 
m—1 

5] dj^{X, Y)|. 

Y=(yi,y2,- .yn-Pe/"*-! 

In our Matsubara UV integration, anti-symmetric kernels are measured 
by II • ||o,i {t = 0,1). The measurement with || • |ki {I < 0, t = 0,1) 
will be necessary in the infrared integration in Section [H From now we 
assume that 

h > 6^“' 

so that the results of Lemma 13.11 are available. The inequality (l3.6l) 
implies that 

(3.17) lldllo., < CoM-', (V( e {1,2,,Af^},5e {+,-},*€ {0,1}). 
Fix 6 E {+, —} and set 



l\v -j 

f''‘(7’):=-Ex E E (ifc+ + ifc-(-ir) 

m=l SG[0,/3)/i (pj,Xj,cTj),(7]j,yj,rj)eBxr(L)x{t,i} 

(i=l, 2 ,-,m) 


• y,i(U)((iy(pi, Xi)(Ji, • • ■ , iy(pm, xjam), (iy(pi, yi)ri, ■ • • , yjrj) 


VpiXicriS ’ ' ’ VpmXmCTmS Vl7iyinS ' ' ' YrjmymTmSI 

:= 0 , 


with U G We input into the Matsubara UV integration 

process as the initial data. We define T\iIj), J\'^) £ Ab* (/ = 

0,1, • • ■ , Vft — 1) inductively as follows. Assume that we have ^ 
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/\ V for some / G {0,1, • • • , — 1}. Set 

log ( f 




z=0 


for n G N>2. Then, set 


r'(^) ;= ^/(^) := F^i/j) + r'(^) 


n=2 


on the assumption that converges. See jlSl Subsection 2.2] 

for the notion of convergence and differentiation of Grassmann poly¬ 
nomials. Note that + (3Vq^ if ^ = +, = 

+ j3Vfl" if (5 = —. Also, an inductive argument based on pUl 
Lemma 3.9 (1)], parallel to the proof of |[I9|, Lemma 5.1] ensures that if 
converges for any / G {0,1, • • ■ , Nh — 1}, 

= fLW = 0, 

(V/ G {0,1, • ■ • , fVft}, Tn G {0,1, • ■ • , N} Pi (2N + 1), n G ^>2). 


Lemma 3.3. 

11^2^110,^ < max 

(Vm G {1, 2, ■ • • ^ Ny},t G {0,1}). 


Proof. By the uniqueness of the anti-symmetric kernel we have that for 
any (pj, x^, cr^-, s^, 6^) G / (j = 1, 2, • • • , 2m), 

^2m ? ' ’ ’ ? P2m^2rn(^2rnS2'm^2rn) 

(2m)! 

• Sgn(^)G^(z/(p^(i),X^(l))(Jqi),-- - ,i/(pq2m),Xq2m))(Te(2m)) 

L2m-li 1 

111 ■" ^2m (^^(1))'" 5^^(2m)) (^r" A; Ij'" ; 9* 
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If X, y G r(2L), (p, x), (r/, y) eBx r(L) satisfy x = z/(/?, x), y = z/(r/, y), 
then 


— _ 1| < -11 + 1, 

27r TT 


(Vje{i,2,-..,d}). 


Using this inequality and the invariances (11.51) . ( 11.121) . we observe that 
for t G {0,1}, 


II JT'^h II 

II ^ 2m l|0,t 

< max \Uk\ 

^^{ 1 , 2 , ,nv} 


sup sup sup 

UeTO”" ,2m-i} (p,x,a)GBxr(L)x{U} 


E 


(Pj,Xj,<Tj)eBxr(L)x{^,i} 
U=l, 2 ,- , 2 Tn-l) 


( _ ll^ 

V27r' 7 


gE-=i(w(0) + |e*L 


L |V+<x-xp,e ) 




1/2 


• lKJ(U)((i^(p,x)(J,Z/(pi,Xi)(Ji,--- 

{y^Pm^ ^(Pm+lj ^m+l)^m+l5 ' ' ‘ ? ^^P2m—li ^2m—1)^2 m—l)) I 

< max 

A:G{ 1 , 2 ,--- ,nv} 


n 


The main purpose of this subsection is to prove the following lemma. 
We will refer to [ISl Lemma 3.8] as the main tool in the proof. 


Lemma 3.4. Let a G M>i and let Cq be the eonstant appearing in Lemma 
tV.il There exists a constant c G M>o independent of any parameter such 
that if 

(3.18) M >c^\ a> cM^ 


and 

(3.19) 


max 

+ {li 2 ,"- ,nv} 


Nv 

m=l 


1 

2 ’ 


the following inequalities hold for any / G {0,1, • • • , N^}, t G {0,1}. 

(3.20) L(|f<| + |T<|) < 
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2N, 


(3.21) 

Eda"‘(ll^tllo,+ ||7tl|o,,)<l. 

m=l 


(3.22) 

N 

Moreover, for any / G {0,1, • • • , — 1}, m G {1, 2, • • • , 

N}, 

(3.23) 

|7o’^''\U)| < oo, 

UGC”« with 

\Uj\<Umax(a,M) U=l,-,nv) 


(3.24) 

E sup l|r«”’(U)||„,„ < oo. 

-- UGC"u with 

\Uj\<Umax(a,M) (2 = 1,-,»«) 

) 

where 




\ m=l 

Remark 3.5. We claim (13.231) . (13.241) in order to emphasize the uniform 
convergent property of with respect to the coupling con¬ 

stants. We should have explicitly claimed the uniform convergent prop¬ 
erties of the infinite series of the Grassmann polynomials produced by 
the tree expansions in [[121 Proposition 5.2, Proposition 5.6, Proposition 6.4], 
though these properties are obvious from the proofs. Strictly speaking, 
the previous deduction of the regularity with the coupling constants 
PdJl Proposition 6.4 (2)] from the point-wise convergent properties pdJl 
Proposition 6.4 (1)] is incomplete. The claim |[I2], Proposition 6.4 (2)] 
is rigorously proved by additionally remarking the uniform convergent 
properties such as (13.231) . (13.241) in |I21 Proposition 6.4 (1)]. With the 
aim of convincing the readers of the validity of the construction, in this 
paper we intend to make clear the deduction of the regularity with the 
coupling constants from the uniform convergent properties. The clar- 
ihcation will be specihcally made in the proof of Lemma 14.91 (II]) and 
Lemma [4.101 



Proof of Lemma \S.4\ During the proof the symbol c denotes a generic 
constant independent of any parameter. We replace c by a larger generic 


59 

















constant denoted by the same symbol from time to time without any 
comment. However, such replacements do not affect the conclusions 
of the proof. We prove the claimed inequalities by induction with I G 
{0,1, • • • , By assumption and Lemma |23l 


(3.25) 


+ |T„''‘|) = 0, 

2Nv 


r 2 i 11 ,, 

Cn Oi ||0,t 


0 ^ VIP m l|0,t+ < o? 


1 

2 ' 


E 

m=l 

N 


2 Nv 


<E 

m=l 


m=l 


(We {0,1}). 


1 


Thus, the inequalities (13.201) . (13.211) . (13.221) hold for I = Nh- 
Assume that / G {0,1, ■ • • , N^—l} and for any j G {/+1, /+2, • • • , A'/j}, 
t G {0,1} the inequalities (13.211) . (13.221) hold. 

Let us prepare a couple of inequalities. By the hypothesis of induction, 
for any t G {0,1}, 


(3.26) 

N 




0,t 


m=2 


2 Nv N 

m —2 m= 2 Nv +2 

< 

(3.27) 


N 


m =2 


N 




m=2 
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where we especially used the condition that M > . 

By combining (13.41) . (I3.17l] . (13.261) with Lemma 3.8 (1)] we obtain 
that for any n £ N>2, 




N 


N 


h 

N 


i+i\ 
m I 


0,0 


\m=2 


h 

Thus, on the assumption M > (13.231) holds and 

h 


(3.28) 


^\T^\ < 


By (13.41) . (13.171) and |[I2], Lemma 3.8 (2)], for any m G {2,3, ••• ,N}, 
t G {0,1}, n G N>2, 

(3.29) 


0,t 


/ r,- 2 m-^-n+l 
^ Z Cq 


n /1\ ^ / ^\ 

n n iEr=i?.+E)‘=2G=i 

i=l \qi=oJ j=2 \rj=0/ 


n / N 

I _ 

k=l \mfc=2 


^+1 I 

rrik I 


0,9fe I "2-j-2n+2>m- 


Moreover, by substituting (13.261) . 


cJa^WTrWo, 


N 

E 

m=2 

n / 1 \ ^ / 1 

< E n I E I 1eL.«+E" 


\qi^0/ j=2 \rj=0, 




n / N 

/ '’^k 

■n E2’"%'^«’"‘iub‘' 

k—l \mfc=2 


|0,qfe 
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which implies on the assumption M > c^'" that (13.241) holds and 


N 


(3.30) 


E Co a"'\\TLU < (Vt e {0.1}). 


m=2 


Also, by (13.291) and (13.271) . 


N 




/,(n) I 


0,i 


m=2 


n / 1 \ n / 1 

< K] n E I lE;U,.+Et.o,-. 

i=l \q^=0/ j=2 ^^^=0^ 

n / N 

/ '^k / 

■he 

fe=l \my.=2 

= Ma\ca-^Y. 


Thus, on the assumption a > c, 

N 

(3.31) < cMa-\ (Vt e {0,1}). 

m=2 

To establish upper bounds on the free part we introduce the 

Grassmann polynomials F^iyip) {j = /, / + 1, • ■ ■ , Nh) inductively as fol¬ 
lows. Set F^^{'i/j) := 0. Assume that /' e {/, / + 1, • • • , A'/i — 1} and we 
have F^{'iIj) (j = /' + 1, /' + 2, • • • , Nh). For any m G (0, 2Ny + 1, 2Ny + 
2, • • • ,1V}, Fj^i^Jj) := 0. For any m G (1, 2, • • • , 21VJ, 

(3.32) 





5 
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where Vm '■ f\^ ^ V is the standard projection. It follows that for 
any /' e {/, / + 1, • • • , Nn), m G {1, 2, • • • , 2N^}, {pj, x^, cr^, Sj, Oj) G I 
{j = 1,2, • • ■ ,m), 

(3.33) 

l3j3fc£{l,2,---,m}(jyfcASj ys/;) (-^rn ? ’ ' ’ ? Prn^rn^rnSrn^m) 


In fact, the equality (13.331) is true for /' = Nh by dehnition. Assume 
that it holds true for any j G {/' + 1, /' + 2, • • • , Nh}. Since 


(3.34) 

Nh 2 Ny 

FpX) - FpX) = FP(X} + E E 

j—l'+l n—m+2 


n 

m 



E 


■ {Fl{X,Y) - Fi{X,Y)) ji,Uhcl(N), 
(Vme {1,2,-, 2 Ar„},Xe /"*), 


the equality (13.331) holds for /' as well. Thus, by induction the equality 
(13.331) is true for any /' G {/, / + 1, • • • , Nh}. 

Let us prove that for any /' G {/, / + 1, • • • , Nh}, t G {0,1}, 

2Nv 

(3.35) 


m=2 

This inequality is true for /' = Nh by dehnition. Assume that /' G 
{/, / +1, • • • , — 1} and (13.351) holds for any j G {/'+ 1, /' + 2, • • • , Nh}. 

Note that for any m G {2, 3, • • • , 2A^^}, 

2 Ny „ 

AG) = + N)dhc‘JN) 

n=m +2 

2 Ny „ 

+ 'Pm + 


n=m+2 ' 
N 


+ 'Pm + 


n= 2 Ny +2 
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and thus, 

(3.36) 

f’tw = d^‘(V')+il+‘(v>) + P™ E I f;:*'O’ 

n=m+2 

2Ny „ 

/ T[ + 'ib^)du, 

'I'+i 


2Nv 


+ 'Pm 

n=m+2 

N 

+ Vm J2 / + 


n=2Nv+2 


It follows from this equality and an estimation similar to Lemma 3.1] 
that 


2Nv 


^ ,/ ■ — iL — fiL ^ i/ H 

liq.ii„,<E2”c„^ liq+‘llo. 


n=m 

2Ny 


N 


ft fit ,/ ft III 

+ E2"c«"^l|7’y‘l|o,,+ E 2"c„-^||J, 


t + l|| 

n l|0,t' 


n=2Nv+2 


Using (13.221) . (13.301) . (13.351) for /'+1 and the conditions a > c, M > , 

we have that 


2Ny 


E‘;<?“”‘iiUllo,, 

m—2 

2Ny 2Ny 

< E2"‘Ec|«"iiq'+‘iio, + E2"'Ed«"iih h®.* 

m=2 n=m m=2 n=m 

2Ny , V , 


2Ny 2Ny 


v+l| 


r+i| 


|0,i 


m=2 
-.Ny „-2 n/T-- 


n=2Ny+2 


< Nv-i < a Ny-i^ 


Thus, the inequality (13.351) for I' holds. By induction, (13.351) holds for 
all /'G {/,/ + !, ••■ ,Nh}. 
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By ( l3.5l) . (13.331) and ( 13.341) . for any m £ {2, 3, • • • , 2Ny}^ t G {0,1}, 


||-^ml|o,i <||-^ml|o,t+ W-L'm \\0,t 
Nh 2Ny 

j=l+l n=m+2 


0,t + ll-^nlkt)- 


Moreover, by (13.211) for /' G {/ + 1, / + 2, ■ ■ • , ( 13.251) . (13.351) for 

/' G {/, / + 1, • • • , Nh} and the assumption that a > 2, M > 2, 

(3.37) 

2Nv 


2Nv 


m=2 

2Nv 

< E <7 “"iidiio.. + E d 

m=2 

2Nv 


m—2 

2Ny Nh 

+ EE2 

m=2 j=l+l 

< i 


m+2^-2, 


Cg 


nll0,t + ||-^nllo,i) 


n=m+2 


This also yields that 


2Nv 


(3.38) ^ 


m=2 


On the other hand, for m G {2Ny + 2, 2Ny + 3, • • • , N}, 

N 

fLW = J‘^'W + -p„ E I JL^'N + N)dhcfJi>') 

and thus by (13.41) . 


n=m+2 ' 


N 


ii^’illo..<E2%^ 10; 


i+l|| 

n Il0,i" 
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Moreover, by (13.221) for / + 1 and the condition M > 

N 

m=2Nv+2 

N n 

n=2Nv+2 m=2Nv+2 
N 

Th 1 1 

<c 


n=2Nv+2 




N 


E t L 7 j 1 7 .1 

n=2Nv+2 


or 


N 


(3.39) 


Nv 


M 


'-0 

m=2Nv+2 


Cn < c^^’M ^«-i. 


It remains to deal with Fq. Note that 

2Ny 


F‘ = F'+' + T'+' + ^ /■ F::'{i,)dtiafji’) 

m=2 

2W „ 

+ 5: / (Fi+‘(</>) - Fl:H^))dticfJi’) + E / T!:\i>)ddc‘Ji’) 

m=2 
V 

^J2 Jm\'^)df^Cf.S'^)- 


2Ny 


m=2 ' 


m=2Afu+2 ' 


Then, by (E3D, (ED, ( ETD . (E22D, (E2SD, (EDD, for /' G {/ + 


1, / + 2, • • • , Nh} and (13.331) 


N 


2Ny 


(3.40) |F'| < |F'+'| + |r«| + -^c„^||F. 


^+1 I I 
m 110,0 


m=2 
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N 


2Nv 




l+l-Nf, 


m =2 

2Nv 


iV m , , N ^ 

+ 17 \\Tr^ llo,o + -^ ^0 II 


)Co^ (ll-^m^ l|o ,0 + ||o,o) 

N 


m=2 


2 II 7^+11 

m I 


0,0 


< iFfS+^l + + M-^) 


iV 


m = 2 A '’«+2 

l+l-Nh 


Nv „-27 y\4--/-l 

h' 

AT Nfi — 1 

< ^ + M-^) 

^ /V 2 

< — 


^+1 


h 

Finally we sum up (l3.28l] . (13.301) . (13.311) . (13.371) . (13.381) . (13.391) and 
(13.401) to deduce that for any t G {0,1}, 

h 


Nv„-2 


N 

2N, 


(|F'| + |r‘|)<c«-a 


1 




m=l 


N 


M-i^‘ ^ cfa"‘M^"‘i\\F%, + IITillo,,) 


1 


m=l 
^Nv „-2 


< — ^ + cMa ^ + . 

~ 2 


Recall that so far we have used the conditions a > c, M > and 
(l3.191) . Now we can see that under the conditions (13.181) with a suf¬ 
ficiently large generic constant c the inequalities above imply (13.201) . 
(13.211) . (13.221) for 1. Therefore, by induction these inequalities hold true 
for all / G {0,1, • • • , Nh}, t G {0,1} on the conditions (13.181) . (13.191) . □ 


3.3. Anisothermal bounds. Our result concerning the existence of 
the zero-temperature limit of the free energy density is made out of 
a series of estimates on the differences between Grassmann polynomi¬ 
als dehned at 2 different temperatures. As one part of these analysis, 
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here we focus on establishing temperature-dependent upper bounds on 
Grassmann polynomials produced by the Matsubara UV integration. In 
addition to the notations already introduced in Subsection 13.11 and Sub¬ 
section 13.21 let us dehne some notations necessary for our anisothermal 
measurements. These notations are essentially same as those introduced 
in the beginning of |[I21 Section 4]. 

For any X = ((pi, Xi, Ui, Si), (pa, Xa, Ua, S 2 ), • ' ’ , (dm, x^, cr^, s^)) 

G X r(L) X {t,;} X (l/h)Z)"^, we dehne Rp{X) G Np{X) G Z by 

■= {{Pu xi, CTi, r^(si)), ■ • • , {pm, x^, cr^, r^(s^))), 

m 

Af,(X) :=^n,(s,). 

^■=1 

Though this is admittedly abuse of notation, we let Rp{X), Np{X) de¬ 
note 


( (Pl 5 X^, (71 , (Si) , , • • • , (^Prri'! XjTxj ('^m) 5 ^m) ) ( ^ -^ ) ? 

m 

(g Z) 


respectively, for X = ((pi, Xi, Ui, Si, ^i), • • • , (p^, x^, cr^, s^, 0^)) 

E {B X T{L) X {t, i} X {llh)Z X {1, —1})”^ as well. 

For X ((^P]^,Xx,(Jx,Si,G)5''' ? ^Pmi '^mi ^mi ^m) ) 

E {B X F(L) X 1} X (l//i)Z X {1, —1})"", s G (l//i)Z, we let X + s 
denote 


((Pl? Xi, Ui, Si T S, ^i), ■ ■ ■ 5 (^Pmi Xynj >5771 T 


in order to shorten formulas. 

In the rest of this subsection we always assume (13.31) . Set 



Th + i... « _ 

4 ’ 4 ft’ ° 




We measure the difference between anti-symmetric functions f{(3a) '■ 
^ C (a = l,2,m G N>a) by the quantify |/(A) - /(/5a)|o which 
is dehned by 


l/(/3i)-/(A)|< 
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m—1 


sup — 


Xg/o 


h. 


^ ^ g^J=OW 






In this subsection we estimate Grassmann polynomials by using |-|o. 

The infrared analysis in Section 0] will largely use | • |z with / G Z<o. 

With these notations we have for any / G {1, 2, • • • , Nh}, 6 G {+, — } 
that 

(3.41) d(A)(X) = (-l)"'’“<’‘+‘>Cf(A)(iJ,.(X + s)), 

(vxe/(A)^se(i/ft)z,ae{i. 2 }), 

(3.42) |Cf(/3i) - Cf(A)|o < 


The inequality (13.421) is due to (13.81) . 

Fix 5 G {+, -} and for a = 1, 2 let F\Pa){'^), T\Pa){'4^), J\Pa){'^) G 
A '^{Pa) = 0, 1g • • 5 Nh) be the Grassmann polynomials dehned in the 

beginning of the previous subsection at the inverse temperature Pa- 
By anti-symmetry, for any /(/3i)(?/^) G /\V{Pi) and m G {y(/3i) + 
1, N{Pi) + 2, • • • , N{P 2 )}, = 0. Keeping this fact in mind, we 

can write that /(A)(^) = ES^ fm{Pi){P)- 


Lemma 3.6. 

Fi(A)(x) = (-i)"^*<’^+-)fi(A)(fl,„(x +«)), 

= (-1)'^^“<^+‘>T«">(/J„)(%(X + S)), 

(V/ G { 0 , 1 , • ■ ■ , y/j}, n G N> 2 , aG {l, 2 },mG { 1 , 2 ,-- - , N {^ 2 )}-, 
XG/(/ 3 „)EsG(l/h)Z). 


Proof. We can see from the definition that the claimed equalities hold 
for I = Nh. Then, by (13.411) the same inductive argument based on jTTl 
Lemma 3.9 (1)] as in the proof of |[ISl Lemma 5.3] ensures the results. 

n 


The invariant property summarized in Lemma 13.61 is one of the ba¬ 
sic assumptions in the general theory |I9), Section 4]. The rest of the 
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assumptions in ||T2l Section 4] are the bound properties of the covari¬ 
ances which we prepared in Lemma 13.11 Thus, we can apply fTT 
Lemma 4.1, Lemma 4.6] in the proof of the following lemma. 

Lemma 3.7. Let a £ M>i and let Cq be the constant appearing in Lemma 
\3.1\. There exists a constant c £ M>o independent of any parameter such 
that if (13.181) holds with c and (13.191) holds, the following inequalities 
hold for any / £ {0,1, ■ • • , 

(3.43) 


h 


-F'm - 


h 


N(h) 


F'APi) 


+ 


h 


Af(A) 


T'AP,) - 


h 


N(h) 


T'm 


‘a 


-1 


Nm 

< A' 

(3.44) 

INv ^ 

Y, c„^a™(|Fi(/?0 - Fi(A)|„ + |ri(A) - ri(A)|„) < [r\ 

m=2 

(3.45) 

M 


Nv 


Nm 




m=2 


< A 


Proof. We assume the conditions (13.181) . (13.191) with a constant d £ R>o 
so that the results of Lemma ITT hold for /3i and [32. Let us make clear 
the logic. During the proof we do not touch the initial constant d. In 
the end of the proof we will see that all the estimations are justihed 
if the initial constant d is sufficiently large. In the following we use 
the symbol c to express a generic positive constant independent of any 
parameter and will replace it by a larger constant denoted by the same 
symbol from time to time. This notational convention helps to simplify 
the arguments. Not to confuse, we should stress that a constant denoted 
by c does not depend on c', either. 

We prove the claims by induction with I £ {0,1, ■ • ■ , W}- By deh- 
nition the left-hand sides of the claimed inequalities for I = vanish. 
Thus, the results hold for I = Nh- 
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Assume that / G {0,1, • • • , Nh — l} and for any j G {/+!, /+2, • • • , Nh} 
the inequalities (13.441) . (13.451) hold. In the same way as in the derivation 
of (13.261) . ( 13.271) we can derive from the hypothesis of induction that 


(3.46) 

'(A) - < c''”A"’. 

m—2 

(3.47) 

Nm 

Y, - fY{f32)\o < 


1 
2 

1 5 


m=2 


on the assumption that M > c^'’. 

Substitution of (13.41) . (I3.7l) . ( 13.171) . (13.261) . ( 13.421) . (13.461) into the in¬ 
equality in [121 Lemma 4.6 (1)] yields that for any n G M> 2 , 


N(P,) “ iv(A) 

(Nih) 2 


n—1 


N{fi2) 


\ m=2 

2 1 


0,0 


a=l 


EE IG4‘(A)||«, +1Ji+‘(A) - Ji+‘(A)io 


m—2 


6=1 t=0 




Moreover, on the assumption that M > c 


.Nv 


(3.48) 


^ :AS(A) - 






iV(A) N{P2) 

By (13.41) . (13.71) . (13.171) . ( 13.421) and [121 Lemma 4.6 (2)] we have for any 
m G {2, 3, • • • , N((32)}, n G N>2 that 

(3.49) 


|T«“>(A) - T«”>(A)I< 
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n fN{p 2 ) 

< c" • n E 2"’"’'^ E ll<‘(A)llo,o 

j =2 ymj =2 

Nm / 2 1 

• ^ A""EEII-2“(A)IIo.« + K‘(/ 3 i) - -/“(Alio 

mi=2 \ 

^Ej=i’^j“2n+2>m" 

Then, by (13.261) and (13.461) . 


6=1 t =0 


2Ar„ 


J]c7a'"|r«"'(A)-T'y(A)|„ 


m=2 


( N{P2) 


n—1 




6+1 / 

m l/-'a;ilO,0 


Nm 


\ m=2 
2 1 


a=l 


m=2 \ 6=1 6=0 


Thus, on the assumption M > we have that 

2Ny ^ 

(3.50) ^ cfa-^lTUM - TyA)|„ < 


m—2 


Also, it follows from (13.491) and (13.271) . (13.471) that 


Nm 




m=2 


(n[P2) 2 


n—1 


\ m=2 


a=l 
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N{h) 

m—2 

■ E E11-^™‘(A)ii«.. + \JT(h) - ■/i^‘(A)io 

V 6=1 t=Q 

= p;~^Ma\ca-^Y. 

Thus, by the assumption a > c, 

NW 2 ) ^ 

(3.51) M-^' ^ cfa^M^^lry/li) - T^MU < cPPMa^ 

m—2 

In order to hnd upper bounds on the difference between F\l3i){ili) and 
F\I52){'^)-, we need to establish upper bounds on the difference between 
and F\l32){'ip). To this end, first we need to confirm that 

(3.52) Ft(A)(X) = (-l)'"^«<^+»)f^(A)(fl,„(X + «)), 

iyi' G {/, / + 1 , • • • , Nh\^ a G {1, 2}, m G {1, 2, • • • , 2A^„}, 
XG/(/3„r,sG(l/h)Z), 


where Fl^{(3a)(X.) [m = 1,2,-•• ,2N^) are the kernels of F^'{(3a){'ilj) G 
/\V{Pa) defined in (13.321) . By definition, (13.521) holds for I' = Nh- 
Assume that /' G {1,1 F 1, ■ ■ ■ , Nh — 1} and (13.521) is true for j G 
{/' + 1, /' + 2, • • • , Nh}. Take any s G (l/h)Z. It follows from (13.411) 
that for any a G {1, 2}, n G N, Y G I{/3aY^ j ^ F 1,1' F 2, ■■ ■ , Nh}, 

(3-53) j 'l/jYdflc^^^Pa)i'^)- 

By using this equality. Lemma 13.61 (13.341) and the induction hypothesis 
we have that for any X G I {Pa)'"', 

= q;(/ij(x) - q)'-(A)(x) 
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Nh 2Nv 

E E 

j=l' + l n=m+2 


n 

m 



E 

Y£l{PaY 


_l^iV^JX+s) 


{FI {f5a) {Rp. (X + s), Y) - Pi (/3„) {Rp^ (X + s), Y)) 


= - FjrH^a)(X 

A^/t 2Afi, / \ /1 \ n—m 

- E E 


n 

m 



^_l^Np^{lL+s)+Np^{Y+s) 

Y£l{Pa)'^-'^ 


j=l'+l n=m+2 

■ (FP0P(R,PX + s),R,PY + s)) 

-FpPP{RfPX + s),Rf,PY + s))) 

■ j i>Ydticiifi,,(ipP 

= fI(A)(x). 

Thus, by induction the equality (13.521) holds for all /' G {/, / + !, • • • , Nr}. 
Let us prove that for any /' G {/, / + 1, • • • , Nr}, 

2Nv ^ ^ 

(3.54) ^ cfa"'\F!i{l3P - F^HdPU < 

m=2 

For /' = Nh the inequality (13.541) holds since its left-hand side is zero. 
Assume that /' G {/, / + 1, • • • , Y/j — 1} and (13.541) holds for all j G 
{/' +1,/' + 2, • • • ,Nh}. By (13.41) . (13.71) . (13.361) and the estimation parallel 
to (ISl Lemma 4.1 (2)], 

\FL(fip - q;(A)io 

< l^h‘(A) - ^h‘(A)lo + |tG‘(A) - 7l+‘(A)|„ 

2Ny / 

'Th TTX i ^ ^ ^ Y f ^ 

lFy‘(A)-fy‘(A)i„ 

n=m+2 \ 
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1 2 


+E E iif^'(A)ii«,< + - Ti*\h)\o 


t=0 a=l 
1 2 


+ a'"EEII^^‘ 


a) ||0,i 


t=0 a=l 


Nm _ ( 

+ c ^ 2^“C„"^ |J:+‘(/J0 - Jr^‘(A)|o 

n=2A^ii+2 \ 


1 2 


+A""’EE 11-^'*' 


a) ||0,t 


t=0 a=l 


On the assumption a > c, M > , insertion of (13.221) . (13.301) . (13.351) . 

(13.451) , (13.501) , (13.541) for /' + 1 yields that 


2Ny 


E‘^o^«’"i^h/9i)-d(ft)io 


m=2 


2Nv 2Nv 


< 0^2^”-IFp'W) - Fy‘(/32)|« + ITpHA) -ry‘(A)l« 

m=2 n=m \ 

12 .12 

' 11 T ^^^+1 /' /3 \ I 

0,1 


+ E E iid'^‘(A)iio ,+pr E E iirh‘(A)iio.« 


1=0 a=l 


1=0 a=l 

Nm 


2Ny , A^(/32) 


m=2 


n=2Alu+2 
1 2 


l-iOW) - ^0 (A)|o + a‘"’EEIi4^‘(A)||o,. 


1=0 a=l 




Therefore, the induction concludes that (13.541) holds for all /' G {/, / + 

I,-- - ,A^4- 
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5 


We can see from (13.331) and (13.341) that for any Xq G X G Z"' ^ 
a G {1, 2}, m G {2, 3, ■ ■ • , 2 N^}, 


FUPa){Xo.RpS^)) 

= FUMXo^RpSX)) + F^-{fi,){X,,RpSX)) 

Nh 2Nv 


+ E E 

j—l+l n=m+2 


n 

m 



E 

Y£(/0)n-"* 

{J''(A)(X„,R^.{X, Y)) - _F/.(A){X„,R^.(X, Y))) 


Then, by (13.511 . (13.711 . 


\FUM(X», flft(X)) - il(A)(Y„, fl,,(X))| 

< if’y/30(Y„,flft(x)) - Fumx„Rf,Am 


27Vi; 

+ E E 


j=l+l n=m+2 


n 

m 



n—m 

E 


(|G(A){^o.«a{X, Y)) - Fi(P,)(X,, i?A{X, Y))| 

+ |F;:(/?0(X„,flA(X,Y)) - f;;(A)(X„,flft(X,Y))|) 


n—m 

■ (Af-^ + M^-^’^)co ^ 


2A^i; 

+ E E 


j=l+l n=m+2 


n 

m 



n—m 

E 

Yg(70)"“™ 


■{|^’;:(ft)(X„,7Jft(X,Y))| + |F;:(ft){X„,i?ft(X,Y))|) 

1 ^ n—m 


Thus, 

\FLiM - fUMo 

<\FM-Fmo 
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Nh 

+ {M-^ + 

j=i+i 

2Ny 

■ Y, - Fi(A)io+|Fi(A) - a;(a)|o) 

n=m+2 

^ Nh 2Ny 

+ A-’^Af-4 ^ 2%"^(||fi(A)||„.„ + ||f;:(A)IU. 

j=l+l n=m+2 


Moreover, by substituting (13.211) . (13.351) . (13.441) for j G {/ + !,/ + 
2, • • • , ( 13.541) for j G {/, / + 1, • • • , A^/^} and using the condition 

a > c we deduce that 


(3.55) 


2Ny 


m=2 

2Ny 

<Ed«’"ld(A)-d(A)lo 


m=2 

2Ny Nh 


+ EE 

m=2 j=l+l 


2Nv 


■ E co^WF^Pd-Fimu+imM-nmo) 

n=m+2 

^ 2Ny Nh 2Ny 

+ A""’E E E d«"(IIA;(A)llo,o + lld(A)ll«,o) 

m=2 j—l+1 n=m+2 

which also implies that 


2Nv 


(3.56) E cJa"'M^"'\FUPi) - FUP,)\o < 


m=2 
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It follows from ( 13.41) . (13.71) and lEl Lemma 4.1 (2)] that for m G 
{2Ny + 2, 2Ny + 3, • • ■ , N((32)}^ 


\FLif» - fUMo 

_ ( I 2 ‘ 

+ c ^ 2^"Co"^ |4+'(A)-J^‘(/32)|o + /3r^EEll4*'(A)lk. 

n=m+2 \ a=l t=0 


Then, by ( 13.221) . ( 13.451) for / + 1 and the conditions M > c^'’, a > c 


Nm 

E cta"'M^-'-\Fl(0.)-Fl(fl,)\, 

m=2Nv+2 

Nm n 

<« E E 2 ^ " 




n=2Nv+2 m=2Nv+2 

l4*'(/9i) - 4*'(A)io + /^r’EE II4^'(A)IIo, 


2 1 


a=l t=0 


Nm 

<c J2 ‘ 2 ^"cla^M^^^ 

n=2Nv+2 


2 1 


i4+'(/?i)-4^'(A)io + / 3 rEEiik 


/+i / 

n lGa;l|0,^ 


0=1 t=0 




and thus 


(3.57) 


M-T^‘ E cJa’"M^’"\Fj^{Pi) 

m=2Nv+2 


Nm 


FLmo < c 
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Finally, let us estimate the difference between Fo(/di) and Fq{^ 2 )- Note 
that 
(3.58) 

Fi,m 

2Ny „ 

= +C‘(A) + E / - F'(p.)mdt^cu,.m 

m=2 


+ 


‘INy n ‘2Ny n 

E / d^‘(A)(</>)dMc4.,ft)(V') + E 

m=2 m=2 


m=2 ' 

Nm „ 

m=2W+2'^ 


By (13.331) . Lemma ESI (13.521) . (13.531) . 

/ {FTiPPiP) - F\Pam)dllcl,ipM 

= [ t ) EE E K‘(A)(2f.F^.(Y-s)) 

^ ^ s€[ 0 ,/ 3 a)/,X€/O YG/(/ 3 a)™-l 

Fi+‘(A)(Y,F,,(Y-s))) J (&)(</’) 

E E (f’r(A)(Y.Y)-Fi+‘(A)(Y.Y)) 

XgAO YpCT'O'im-i 




m—l 


XeJO Yg(70)™-i 

Combined with (13.51) and (13.71) . this equality implies that 


(3.59) 


/ (q7'(/?i)(v>) - Fi:\ppmddcuf>M 
- ^ / (q 7 ‘(A)(V') - F\mi>))ddcuMW 
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< (A) - (A)io+(A) - (A)io) 

+ (lAr (A)l|o,o + IIF^ (A)IIo,o)^-'^A-^co-. 


By applying the same estimation as jl^l Lemma 4.1 (1)] to (13.581) and 

using (D), (EZD, dMH), (E22D, (E3DD, (E35D, (IS31D, (E35D, (E3HD, 
(13.501) . (13.541) . (I 3 A 9 I) for /' G {/ + 1, / + 2, • • • , N^} we observe Aat 

(3.60) 

KiP^) - iJhrMP^) 


N(I3,) 
< 


Nm 


^ - iAtC'(A) 


Nm 


N(h) 


+ 


^ r«(/J0 --^r'«(A) 


Nipp 

2Nv 


+ +M 


Nm 




)cd 


m=2 


2Nv 


+ IFIPPPP - F«(A)|o) 


l/+l 


1+11 


A+1 / 


+ X] ^ ^A (II-A)^HA)IIo,o + II A!^^(A)IIo,o) 


m=2 

2V„ 


2 1 


+ c 2 




0 


'’/+1 1 

m [f-'aJWOp 


m—2 


< 


id^‘(A) - -c‘(A)io+A""’ EE lid 

a=l i=0 

+ |ri«(A) - Ty'(A)|„ + 0+ E E lld^‘(A)ll«,. 

a=l t=0 

A^(/32) / 1 2 1 

+ c E 2’"c„^ id^‘(A) - '(A)io+A’’EE iid"^‘(A)iio,. 

m=2Nv+2 \ 

h 


0=1 i=0 


ft 


iV(A) 


F^Pd - 


N{+) 


Fpm 
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< ^ {M-"^ + M-^ + M^'+^-^'‘) 

j=i 


By putting (13.481) . (13.501) . (13.511) . (13.551) . (13.561) . (13.571) . (13.601) together 
we obtain that 


(3.61) 


^ :FoiM - 


+ 


^ r'(A)-^T'(A) 


Af{A) 


Af{A) 


Ar(ft) Ar(A) 

(3.62) 

2Nv 

^Co^a-dFi)/?,) - Fi(A)|„ + |ri(A) - ri(A)|„) < c''-a-y-» 

m=2 

(3.63) 


1 1 


Af,, 


A^(/?2) 


Af-^‘ ^ c„’^a’”Af^"‘{|F^(A) - Fyft)|o + |7l(/30 - T^MU) 

m=2 

^— 2 , I ^7\/r^“2 I 


< (c^’'Q( ^ + cMa ^ h 


Recall that in the derivation of the above inequalities we assumed the 
conditions a > c, M > with a constant c G M>o independent of 
any parameter including c'. If we start by the conditions (13.181) and 
(13.191) with a sufficiently large constant c', then the conditions a > c, 

M > are satished, the right-hand side of (13.611) is less than 

and the right-hand sides of (13.621) . (13.631) are less than Therefore, 

we obtain (13.431) . (13.441) . (13.451) for I on the assumptions (13.181) . (13.191) 
with a generic constant c', which does not depend on any parameter. 
The induction with / G {0,1, • • • , Nh} now concludes the proof. □ 
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4. The infrared integration 

In this section we perform the multi-scale analysis around the sin¬ 
gular point of the covariance in momentum space, namely the infrared 
analysis. The output of the Matsubara ultra-violet integration is sub¬ 
stituted into the infrared integration as the initial data. So the infrared 
integration is the second step of the whole multi-scale integration pro¬ 
cess. Conservation of symmetries is essential to validate the iteration of 
the integration. We have to keep track of the preserved symmetries as 
well as analyticity and scale-dependent bound properties of Grassmann 
polynomials during the iteration. For this purpose it is convenient to 
organize sets of Grassmann polynomials having the relevant properties 
and define maps between these sets resembling the real renormalization 
group maps in advance. We plan to do so in the first subsection. In the 
second subsection we will complete the proof of Theorem 11.61 by mak¬ 
ing use of the tools developed in the preceding subsection. We should 
remark that in principle one can reach our main result by combining 
the materials prepared so far in this paper with calculations parallel 
to those presented in PTI Section 7]. Apart from proving the theorem 
itself, this section is aimed at providing a more organized construction 
of the infrared integration than the previous version |[I21 Section 7] so 
that the readers can conhrm the validity of the infrared integration more 
clearly. 

Throughout this section we assume that 

M > 2, h> L > /3, 
unless stated otherwise. 

4.1. General lemma^ Let n E N aM let ^ a bounded domain of 
satisfying that z E D for any z E D, where D denotes the closure of 
D. Set 

c{d-,/\v) 

:= |j G Map I U i-A J(U)(i/^) is continuous in , 

G" (G;/\v) 
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:= |j G Map (^D, \ U i—> J{\J){i{j) is analytic in . 

See m Subsection 2.2] for the meaning of continuity and analytic- 
ity of Grassmann polynomials. We are going to define a subset of 
C{D-, A G A V) to which Grassmann polynomials dealt in our 

infrared analysis belong. To describe symmetric properties of Grass¬ 
mann polynomials, let us fix some notational conventions. Let S' be a 
bijective map from / to / and Q be a map from I to M. The maps 
Sm ■ ^ Qm : Z'” — > M (m G N) are defined by 

S'^(Xi,X2 ,--- ,X^) := (S'(X0,S'(X2),--- ,S'(XJ), 

m 

QUXuX^,--- ,V„) :=^0{V). 

j=l 

For /{'ijj) = Em=o(i)”'Ex€ 7 ™/m(X)V^x G A V, define f {'R'l/j) J(i^) G 
A V by 

N / 1 \ ^ 

fdli,) := ^ (-) /™(X)e-«”(*-“mVs„(x). 

m=0 Xg/”" 

N / T \ ^ 

7G)^=Er EOT’/'x- 

m=0 Xg/"* 

In fact these notational rules have been introduced in [[121 Subsection 3.3]. 
In addition, for x G we let rr(x) denote a site of T(L) satisfying 
X = rL(x) in (Z/LZy. 

Now, for parameters Cq, a G M>i, M G M> 2 , I G Z<o we define the 
subset S{D^ Cq, a, M){1) of C{D;f\V) D ^^{D; f\V) as follows. J G 

C{D]f\V) nG‘^(D;AV) belongs to S{D, Cq, a, M){1) if and only if J 

satisfies the following properties. 

(i) 

(4.1) L|J„(U)| < 

N 

(4.2) < A (VU GAt G {0,1}). 

m—2 
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(ii) _ 

J{U)(^) = J(V)(ni,), (VU e D), 

for each S : I ^ I and Q : / —> M defined as follows. 

(4.3) 5'((/?,x,(j,x,0)) := (/?,x,(j,x,d), 

Q((d, X, (7, X, e)) := (V(/?, X, (7, X, G /). 

(4.4) ^((p,X,(7,X,0)) := (p,X,(7,X,0), 

Q((p,X,cr,X,d)) := 7rl^=^, (V(p,x,cr,X, 0) e I). 

(4.5) 5'((p,x,(7,x,d)) := (p,x,-(7,x,0), 

Q((p,X, cr, a;, 0)) := 0, (V(p,x, cr, x, 0) e I). 

(4.6) 5'((p,x,cr,x,0)) := (p, ri(x + z), cr, r^(x + s), 0), 

Q((p, X, cr, x, 0)) := 7rn^(r^(a; - s) + s), (V(p, x, cr, x, 0) E I), 

where z G and s G (l/h)Z are arbitrarily taken and fixed. 

(4.7) 5'((p,x,cr,a:,0)) := (p, rL(-x - 6(p)), cr, a;, 0), 

Q((p,x,(7,a:,0)) :=d(x, (27r/L)£^) + 0(6(p), (7r/L)£^), 

(V(p,x, (7,a:,d) G I). 

(iii) _ 

J(U)(V^) = J(U)(77V;), (VUgD), 
for each S : I ^ I and Q : / —> M defined as follows. 

(4.8) 5'((p,x,cr,a:,0)) := {p,yL, a,rp{-x),-9), 

Q{{p, X, cr, a;, 6)) := 7r(l0=i + l^^^o), (V(p, x, cr, a:, 0) E I). 

(4.9) ^((p, X, cr, a;, 9)) := (p, x, cr, x, -9), 

Q{{p, X, (7, x, d)) := (6(p), tt), (V(p, x, a, x, 9) E I). 

Moreover, on the assumption (l3.3l) we dehne the subset S{D, Cq, cr, M){1) 
of S{D^ Co, cr, M){l){/3i) xS{D^ cq, cr, M){l){P 2 ) as follows. (J(A)? J{l^ 2 )) 
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G S{D, Co, a, M){l){^i) xS{D, Co, a, M){1){^2) belongs to S{D, co, a, M){1) 
if and only if 


(4.10) 

(4.11) 

Nm 




(VU G D). 


We will later define a set designed to contain kernels of quadratic 
Grassmann polynomials belonging to S{D^ Co, ex, M){1). Since one crite¬ 
rion to be an element of the set involves cut-off functions for the infrared 
integration, let us dehne the cut-off functions at this stage. Set 


/t: = 
1 


min t: 1 — 


1 


4pG{i,2,-y} ^ 


max 


2 m€{l,2,-- ,d} 


''m—1 d 

^ |1 + |1 + 

,j=l j=m+l 


iO ■ I 


Mjr : 


\/Q / TT^ 


^UV “1“ ^ 


Np := min 


TT V 3 


log M 


,0 . 


By the assumption (13.Ill , ft < 1/4. Using the function f introduced in 
Subsection 13.11 we dehne the functions Xi • > M (/ G Z) by 

X((w,k) 

:= f 0 f + /A |1 + e’* 


H-z/bj 12 


j=l 

d 


- 4 > I + A ^ |1 + e'i 


-\-ihj 12 
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We can check that 


d 


MYrM-^ I + /t ^ |1 + 

i=i 

(Vca G M with (j){M[^yLo‘^) 7^ 0, k G M'^) 


e^-\-ikj\2 \ \ _ 


d 


(4.12) 


^ ^ 11 + e’i 

V j=i 

(Vcj G M with lea I > tt/ (3 ^'k G M'^). 


£j -\-ihj 12 


= 0 , 


These equalities imply that 


Nf< 


= (l){Mjjyu‘^), (Vea G Wl,k G M“'). 


/=o 




-ji^Sj -\-ikj 12 


The support property of Xi is described as follows. 

(4.13) 

To, if + /. Y,U |1 + P) ' < 

e [0,1], if ^M,gM‘ < + h Y.U 11 + 

< f^M,RM'+\ 

= 0, if (w^ + ZtEtill + e'^'^+’^'p)’ > 

We dehne the functions x<i ■ > M (/ G Z with I > Np), x<m 

]^d+i -X- R (^m G Z) by 

N0 

X<i{^,k) := J^x^-(ca,k), 
j=i 

X<m{^^,k) 


:= (t){Mulu‘^)(t) ( ( ca^ + /t ^ |1 + j 

j=i 


(V(ca,k) G 
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Here let us list properties of these cut-off functions for later use. For 
simplicity we write djdk^ in place of the differential operator djdu in 
the following. Note that the condition L > (5 \s necessary in the proof 
of the item (E]) of the next lemma. 


Lemma 4.1. (1) Assume that 0 < Pi < ^ 2 - Then, 

X<z(A)(cj,k) = x<K/^2)(^,k) = 

(V(a;,k) e with |a;| > Tr/^di, / G Z with I > NpP. 


( 2 ) 


X<i{uj,'k) = 0, (V(cj,k) G with |a;| > nh, I G Z). 


(3) There exists a constant G M>o independent of any parameter 
such that 


< (c^w(/) 


f d Y . , , , 


f d Y , , , 

(a-J 

5 

(afcj 


(V(uj, k) G n G N U {0}, j G {0,1, • • • , d}, / G {0, — 1, • • • , N^}). 


f4j If there exists (cj, k) G with |a;| > tt/P such that x<o(ctJ,k) ^ 
0, then 

P ~ 

(5) Assume that 1/P < Then, there exists a constant 

c{M, d) G M>o depending only on M, d such that the following 
inequalities hold for any I G Z with I > Np, (cj', k') G 

^ (a;,k)eA1xr(L)* 

l^<^(^,k+koyo < 

k€r(L)* 

Yd lx<iNtk+k')G0 < c(M, d)/t 

kGr(L)* 



Proof. ([I]): The claim follows from (14.121) . 
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The assumption h > e'^'^ and the support property of (f){M^yUj‘^) 
imply that result. 

(E]): The proof for this claim is essentially same as the proof for fTT 
Lemma 7.4]. Here we especially need to use the fact ft < 1. 

This was essentially proved in jini Lemma 7.5]. 


We can derive the claimed inequalities from the support property 
of x<i and the assumptions 1//3 < L'> (5. □ 

Set 


Mat(2^C)) 

:= {/ : R''+‘ ^ Mat(2'',C) | f(-)(p,n) e C”(R''+‘;C) (^p,n e B)}. 

Here we define the subset 1C{D, a, M){1) of Map(T), Mat(2'^, C))) 

which is designed to contain kernels of relevant quadratic Grassmann 
polynomials. Let / G Z<o and be the constant appearing in Lemma 
[0(ED. LL G Map(D,C^{R^+^-,Mat{2fC))) belongs to )C{D,a,M){l) 
if and only if W satishes the following conditions. 

(i) U i-G VL(U)(a;, k)(p, 77 ) is continuous in D, analytic in D for any 
(cj, k) G p,rj G B. 

(ii) 

W(U)(cc;,k) = W(U)(tu,p), 

(VU G T), a; G M, k, p G with k = p in (R/27tZY). 

(hi) 

VL(U)(a;,k) = W(U){-uj,k)f 
(VU G U, (cj, k) G X {{27t/L)zY). 

(iv) 

Urf(7r)W(U)(cc;,k)Urf(7r)* = -W(U)(cc;, k)^ 

(VU G D, {uj, k)eMx {{27 t/L)zY). 

(v) 

U, C/d(k)lV(U) (w, -k - f-A UA'^yUi YY 





= VF(U)(cj, k), (VU G D, {lj, k)eMx {{2 ti / L)’LY) . 


^ / o \ rip 

n(^ mu)(c..k)(p.p) 

p—Q \ 

' ^Yfq=onq>Q 

< a-^M\ (VU G U, {uj, k) G M“'+\ p,r] e B). 


(4-14) n E 


j—Q \ni=0 


' 1 y^wjiy 

2c^ + 7t) ( 2 nj)! 


(vii) 

(4-15) |l^<^.(^,k)/oVk(U)(w,k)(p,r/)| < a-^M\ 

(VU G U, (cj, k) G p^rj E B,j G Z with j > Np)- 


On the assumption (13.31) we dehne the subset JC{D,a, M){1) of 
JC{D,a,M){l){l3i) X JC{D,a,M){l){P 2 ) as follows. {W{Pi),W{/32)) G 
}C{D,a,M){l){P,) X K:{D,a,M){l){P 2 ) belongs to /C(D,a,M)(/) if and 
only if 

(4.16) 

^ w{iy 



( 2 n,)! 


(lU(A)(U)(tu, k)(p, p) - W{P2){V){uj, k)(p, p)) 


< A (VU G U, (cj, k) G p,peB). 

Let us make an inequality which will enable us to substitute an element 
of )C{D,a, M){1) into the denominator of the free covariance. 


Lemma 4.2. There exists a eonstant c{d) G M>o depending only on 
d such that if a > c{d), the following inequality holds for any W G 
JC{D,a,M){l). 

\\{ujh, - 5(k) - iy(U)(w,k))-'|| 2 i, 2 . < M-'', 

(V/' G Z with I' > Np, (cj, k) G satisfying k) 7 ^ 0, U G U). 














Proof. By Lemma 12.31 (ED and (Id.ldp , 


\\(iujl2d — Sfk.)) ^112^x2'^^ ( + /t |1 + 6*^ 

i=i 


-\-ikj 12 


< — 

TT 


Thus, by (14.151) . 

Wiiuhd - S{k) - VL(U)(cj,k))-^| 


2'^x2<^ 


n 

2d-x2<i 


< \\{lLOh. - f(k))-‘||2.,2^^ - f(k))-‘VV(U)(w,k)| 

n=0 

< f2ic{d)a-^y < M-^'. 

n—Q 

In order to derive the last inequality, we used the condition a > c{d). □ 


At every step of the iterative IR integration we receive a Grassmann 
polynomial from the preceding IR integration and substitute the kernel 
of its quadratic term into the covariance. Our aim here is to construct 
lemmas which justify this process. Let us dehne the maps r'p : [0, f5) —)■ 
[-P/2, /3/2), : [0, L) ^ [-L/2, L/2), : [0, ly ^ [-L/2, L/2Y by 


r'p{x) 


X 


if X e [0,1), 

\ X — P if X e [|, ;d) , 
(sl(Xi), Sl{x2), ■ • • , SL{Xd)). 


Sl{x) := 



if X e [0,1), 
if X e [f, L) , 


Let I e and (J°, J \ --- ,P) e Yl]=o<S{D,Co,a, M){j). 

For U G H, (cj, k) G p,r] E B, set 

(4.17) 

IF^(U)(cc;, k)(p, r])-=l 

^ (x,s)£r(L)x[0,/3);, 

• <>^ 2 (U)((p, X, t, S, -1), (r/, 0, t, 0,1)), 

(j= 0 ,-l,--- , 0 , 
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(4.18) 

I 

£',(U)(w,k)(p,77) := 

J^o 

In fact mimics the output of the infrared integration at one scale. 
The kernel of its quadratic part is characterized as in (14.171) and sub¬ 
stituted into the covariance. The covariance at scale I contains a col¬ 
lection of the kernels of the form (14.181) . We are going to prove that 

El G }C{D, a, M){1) and {Ei{(5i), Ei{(52)) G }C{D, a, M){1) on the as¬ 
sumption (13.31) . which is important information for the validity of the 
process. We need the next lemma. 


Lemma 4.3. (1) 


d / oo 




n 


d 


A \dk„, 

p=0 ^ 


W\V){oj,k){p,ri) 


< 2||J'(U)||,,0, (VU e D, (w,k) e m‘‘+\p,pe B). 


(2) Assume that (13.31) holds. Then, 
2 w{lp 


d f oo 


n 


d 


A \dk„, 

p=0 ^ i" 


{W‘ (A)(U) {oj, k) {p,ri)- W‘ (A)(U)(c.;. k) {p,p)) 


47r 


< 2|4(a){u) - 4(A){U)|, + — Y^ ||4(A){U)||,, 

a=l 

(VU G A (CJ, k) G p,r]eB). 


n 


Proof. dlD: Note that 

d / / o, \ Ui 


mil 




7T . 


w(/)' 


d 

n 

p=0 


'_d_ 

dkr. 


W\V){uj,k){p,Tj) 
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< 




(x,s)Gr(L)x[0,/3)^ j=0 

• I4(U)((/?, X, t, S, -1), (r/, 0, t, 0,1))|. 
This inequality leads to the result. 


^q2\"^w(Q"A 

liVUd (2n,)!i 

d' / f) \ 

n ( ^) (IV'(A) (U) (c.;. k) (p.»,) - VV'(A) (U) (u;. k) (p.,,)) 

p—Q X p/ 


2 

< - 

- h 


E 

(x,s)Gr(L)x[-/3i/4,/3i/4),, 
d / / / 1 \ \ n 


■ n ( 2 ^ j 

• l4(A)(U)(i?;3i((/?,x,t,s,-l), (r/,0,t,0,1))) 

- 4(^2)(U)(i?^2((P^x,t,s,-l), (r/,0,t,0,1)))| 

Q 2 / r)\ no 

e 


a=l (x,s)G^(L)x[0A)/^ 



Po 


• 1 


_ . |g - 

^|a |gi|^s _ ]^|^no+l se[^,/3a-^) ^|a |gi|^s _ ]^|^no+l 

• \doiPa)iip, X, t, S, -1), (r/, 0, t, 0, 1))| 

■ n -l),(r/,0,t,0,l))^A 

■ I J'(A)(U)((ft X, t, 5.-1), {r,, 0, t. 0.1))|. 

The result follows from the above inequality. □ 

In the following is the constant appearing in Lemma [4. II 02]). 


92 














Lemma 4.4. There exists a constant c{d, M, c^) G ]R>o depending 

_ 1 

only on d, M^c^^Cy. such that if Cq > c{d, % the following 

statements hold. 

( 1 ) 

E, e K(D,a,M)(l). 

(2) Assume that (13.31) holds, I G {0, —1, • • • , Np^} and J^{P 2 )) 

e S{D,Co,a,M){j) (j = ,/). Then, 

{Ei{P,),Ei{P,))e}C{D,a,M){l). 

Proof. ([I]): It suffices to consider the case that l/,d < The 

continuity and analyticity with U is clear. Let us prove the invariant 
properties. The periodicity claimed in (jn]) follows from the dehnition. 
Since 

k) = x<j(-cj, k) = x<j (^cu, -k - , (V(w, k) G 


it is sufficient to confirm the invariances of {j G {0, —1, •••,/}) to 
prove the invariances of Ei. The proof for the invariance of claimed 
in (jllTj), (jl^, (|v]) is parallel to the proof for 

jini Lemma 7.6 (2), (7.25), (7.26), (7.27)] respectively. Here we only 
provide the sketch of the proof. The invariance in (Imj) is proved by 
combining the anti-symmetry of J 2 (U)(-), the invariance J 2 (U)(^) = 
for S' :/—>/, Q :/—> R defined in (14.61) and the invariance 
4(U)(^) = J^■(U)(7^^) for S' : / ^ g : / ^ R defined in ( ITHD . 
The invariance in ( Hvj) follows from the anti-symmetry of J 2 (U)(-), the 
invariance J2(U)(^) = for S' :/—>/, Q :/—> R defined 

in (14.61) and the invariance J 2 (U)(^) = for S' : / —> /, 

g : / —)• R defined in (14.91) . The invariance in (|v]) is due to the invariance 
J^(U)(^) = J^(U)(7^^) for S' : / ^ g : / ^ R defined in (STj) and 

(SZl). 

Next let us show the bound property Take no, Ui, • • • , n^ G N U 


{0} satisfying > 0. Using (l4.2l) . Lemma ITT] (131) and Lemma ITT 
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o, we can derive that for any (cj,k) G 


(4.19) 


n 

j =0 


/ d 


( 2 n,)! \dkj 



Ei{uj,\^){p,ri) 


p=0 j=0 


'w{pY^ 


d / nq 

HE 

<7=0 y 


m„—0 


Ug 

TTlr. 


n 

r=0 


dkr 


rrir 


X<p(w, k) 


n 

s=0 


dk. 


Us—rris 


w^[uj,-k)(p,n) 


I 


d 


.{2nj)\ 

]J{c^w{p)-Y^{mrlY 


p=0 j=0 

d 


d I nq 

HE 

q—O \mq—0 


Ug 

TTlr. 


r=0 


<2M'Y.M-’’\\JI\U 


p=0 


s =0 ' 
d ( nj 

HE 

=0 \ mi=0 


n (^"'(p) 


ns—rris 


-1 


( 2 (n, - ms))\ 


n 


7T 


Uj Ulj 


< -r ( + 


i=o \ 


m. ) I 2 


“ 1 - M-i 

which implies that 

d / oo 

J 1 („^oV 2 cx + 7 ry {2n,y. 

^Eq=0 nq>0 


Cq^q; ‘^M\ 


1 


w(/)" 


n 


d 


n \dK, 

p_0 \ p - 


EyV)(uj,-k)(p,g) 




























where we used the condition M > 2. Thus, if Cq > — 2“^), Ei 

satisfies the inequality in ( KnI) . 

It remains to prove the bound property (Iviil) . Take p^rj E B. If 
^i{b{p)-b{r)),TZ) _ invariances (llllj) . (Ilvj) imply that 

Ei{V){uj,k){p,Tj) = -EKU)(-tu,k)(p,r/), 

(VU G D, (cj, k) G X {{27t/L)zY). 


Thus, by (14.191) . 

(4.20) 

\Ei{uj,k){p,p)\ 

Ei{uj,k){p,p) - El {P,l) 

Ei{uj,k){p,p) - El (p,r/) 


1 

< - 

- 2 


1 

+ 2 


1 


< c(d, M, c^, c^) ^ j Co ^ 


(V(cc;,k) eMx ((27r/L)zY)., 


where c(d, M, c^, G lR>o is a constant depending only on d, M, c^, c^. 
jf Qdb{p)-b{v),'^) = the invariance (|v]) and the periodicity (juj) yield 
that 

E,{V)(io,7r}(p,r,) = -eW-%).fe^)£.,(u) („,,r- {p,r,), 

(VUgAcjgM). 


Thus, by using the bound (14.21) . Lemma ITS (11]) and (14.191) we have that 
(4.21) \Ei{uj,k){p,p)\ < ^\Ei{uj,k){p,p) - Ei{uj,7r){p,p)\ 


1 

+ 2 


Ei{uj, k)(p, p) - El (^uj, TT - {p, p) 


+ 


c{d) 

~T~ 


El i uj,7r - 


2ix 

T' 


ipip) 
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5 




< c{d, M, c^, c^) \kj - 7r| + c, 

(V(tu,k) eMx {{27 t/L)zY). 

By coupling (14.201) with (14.211) we obtain 

\Ei{uj,k){p,r])\ < c{d,M,c^,c^) (|/^j - 7r| + i + y ) cYa~^ 


j=i 


P L 


(V(ca,k) eMx {{2ixIL)Z)\p,p^ B). 


For any (cj, k) G there exists (a), k) G At x [[2tt/L)ZY such that 
\uj — uj\ < 7 r// 3 , ||k — klliRd < Vdir/L. By taking into account this fact, 
we can deduce from the above inequality for (a), k) and (14.191) that 


\Ei{uj,k){p,p)\ < c{d,M,c^,c^) 
(V(lj, k) G P, ^ £ ^)- 




Cq q: , 


Then, by using the periodicity of Ei{uj, k) with k, the support property 
of x<j, the assumption l/L < 1/(5 < and the fact /t < 1 we 

reach the inequality that 

\Ei{V){uj,k){p,p)\ < c{d,M,c^,c^)fd^cYa-‘^Md 
(VU ^ D^j ^ Z with j > A(g, 

(ca, k) G satisfying x<j(c<;, k) 7 ^ 0, p, 77 G ;B). 


Thus, El satishes the property (Iviil) under the assumption that Cq > 

c{d,M,c^,c^)fY^. _ 

(Ej): Take Uq, Ui, • ■ ■ , G N U {0}. By (14.21) . (14.111) . Lemma 14.11 
Lemma imi (El) and the assumption M > 2 , 


yrfMiyi 

y V(2n,)! J 


{Ei{Pi){uj,k){p,p) - Ei{P2){uJ,k){p,p)) 
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In the next lemma we summarize properties of a function of \J E D 
which resembles the final output of the infrared integration. In the 
following C) denotes the set of analytic functions in D. 

Lemma 4.5. Assume that I E {0, —I,-- - Gi E JC{D,a, M){1), 

Gi+i E /C(D, a, M)(/ + 1) if I < —1, Gi+i = 0 if I = 0. Moreover, 
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assume that 


G,(U)(c^,k)-G,+i(U)(w,k) = 0, 

(VU e D, (w,k) e R‘'+‘ with = 0). 

Define the function Hi : D ^ C by 

Hi{^) 

^ log{det{l2d - {iujhd - S(k) - 

^ (a;,k)GA4xr(L)* 

■(G,(U)(w,k)-G,«(U){w,k)))). 

Then, there exist a constant c{d) E M>o depending only on d and a 
constant c{d, M, c^, c^) G M>o depending only on d, M, c^, such that 
the following statements hold true if a > c{d). 

( 1 ) 

H, e C{D-C)nC“{D;C). 

(S) 

|//,(U)| < c(d, M, c„, (VU e D). 

(3) In addition, assume that (13.31) holds, I E {0, — 1, • • ■ , 
{Gi{fii),Gi{fi 2 )) Et{D,a,M){l) and 
(G,+i(A),G^+i(/ 32)) G/C(D,a,M)(/ + l) ifl < -1. Then, 

\Hi{fifi{V) - Hi{f32){V)\ < (VU G D). 

Proof, dl]), (E]): Take j G {/, / — 1, • • ■ , Np}. It follows from Lemma |T2 
and (14.151) that for any (cj, k) G satisfying Xj(a;, k) 0, 

(4.22) Wiiujhd - £{u:,k) - G/+i(a;, k))"^||2Vx2rf < M~f 

(4.23) ||Gz(cj,k) - Gz+i(cj,k)|| 2 dx 2 d < c{d)a~^Mf 

on the assumption that a is larger than a positive constant depending 
only on d. By using the above inequalities and Lemma ITT1 ([I]) , (Hj) , (ED 












we see that 

(4.24) 

^ (a;,k)eA^xr(I.)^ j=l 

oo 

■ E I det(/2. - {iuJh. - 5(k) - G,+i(U)(a., k))-‘ 

n=l 

■{G,{U){w,k)-G,+i{U){w,k)))-l|" 

-1 oo 

E Ei»(-.k)#oE(«(d)““")” 

^ (tj,k)€A1xr(L)* j=l n=l 

< c{d, (VU G D). 

This implies (Ej). Take j G {/, / — 1, ■ • • , Np} and (ca, k) G satisfying 
Xj{^, k) 7 ^ 0. Since 

(4.25) {lujl,, - 6:(k) - Gi+,{V){uj, k))-' 

OO 

= E((*“-f2- - f (k))-'G,+i(U)(w, k}r(iioI,, - f (k))-‘ 

n—Q 

and this series converges uniformly with U, 

{iwl,, - £(k) - G,+i(-)(w, k))-‘(p, n) e C(D-, C) n G“(LI; C), 

(Vp.t; e B). 


Thus, 

det(/2d - {iujl2d - ^(k) - Gz+i(-)(cc;,k))”^(G,(-)(w,k) - G;+i(-)(ca, k))) 
eC(D; C)nC'‘"(D;C). 

Moreover, an estimation similar to (14.241) implies that the series 


oo 

E .. (det(/y-(taj/y - £(k) - G,+i(U)(w, k))"* 


n=l 


n 


(G,(U){w,k)-G,+i(U){w,k)))-l)’ 
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converges uniformly with U and thus 

log(det(/2d - {iuhd - 6^(k) - k))"^ 

•(Gz(-)(a;,k)-GHi(-)(^,k)))) 

^C{D] C)nC‘"(D;C). 

Therefore, the claim (H]) holds true. 

(E]): Let us prepare a couple of necessary inequalities. By (14.141) . 

(4.26) 

■^{iLoh^ - f (k) - G,+i(A)(U)(w,k)) 


dcj 
(4.27) 
d 


2d-x2<i 


< c{d, M, c^., c^), 


—(G,(A)(U){w,k)-G,+i(A)(U)(w,k)) 


2^x2^ 


< c{d, M, Cu,, c^oi 


-2 


(VU G L», (w, k) G a G {1, 2}). 

Then, dehne the functions Hi{Pa) : T) —>■ C (a = 1, 2) by 


MPa){V) 


1 


E 


'1^ 


r>nh 


27rT kGr(L)* 


duj+ duj 




■ log(det(/2d - {iujl2d - S{k)- G/+i(/3a)(U)(cj, k)) ^ 

• (GK^„)(U)(cc;,k) - G,+i(^„)(U)(cc;,k)))). 

By using Lemma ITT1 (H]) , (ED , (0) , (ED , (l4.22l) . (I4.2HI) . (14.261) and ( 14.271) we 

deduce that 

(4.28) 




fdgh 


-1 


< 


2'kL’^ 


E E 

k€r(L)* m=0 


^ + £(-+1) 


duj 


f "TT I 277 ^ 


I I 277 _ 


df] + 


TT 27r 




d(jj 


IT 27r 


df] 
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c{d)\\{iul2d - ^(k) - G/+i(^a)(w,k))- 


2 

2dx2d- 


■ - ^(k) - G/+i(/3a)(w,k)) 

OUJ 2^x2“^ 

• \\Gl{Pa){^,^) — Gi+i{/3a){iO,^)\\2dx2d 
^c{d)\\{iujl2d - ^(k) - Gi+i{(3a){uj,k))~^\\2d^2d 
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^(G,(/J„)(w,k)-GM(/J„)(w,k)) 


2‘^x2<i 


< c(d, M, c„, 

j=l 

< c{d, M, 


Take j G {/,/ — I,-- - and (cj, k) G with k) 7 ^ 0. 

Note that for any a,b E C\M<o with |a — 1| < 1/2, |& — 1| < 1/2, 
I logo — log 6 | < 2 |a — b\. Using this inequality, (14.161) . (14.221) . (14.231) as 
well as the assumption a > c{d), we can justify the following calculation. 

I log(det(/2d - {iujl2d -S{k) - G/+i(^i)(ca, k))”^ 

•(GKA)(c^,k)-G,+i(A)(cc;,k)))) 

- log(det(/2d - {iujl2d - ^^(k) - Gi+i{(32){uj,k))~^ 

■{Gi{P2){co,k)-GU(^2){co,km 

< 2| det(/2d - {iuj^d - ^(k) - Gi+i{Pi){tj, k))"^ 

•(Gz(A)(cc;,k)-G,+i(A)(cc;,k))) 

- det(/2d - {iujl2d - T(k) - Gi+i{l32){uj,k))~^ 

•(GK/32)(cc;,k)-G,+i(/32)(cu,k)))| 

< c{d)\\{iujl2d - S{k)- Gi+i{/3i){uj,k))~^ 

•(GKA)(c^,k)-G,+i(A)(cc;,k)) 

- {iujl2d - S{k) - Gi+i{P2){^,k))~^ 

• {G 1 ( 132 ) {cu,k) — G/+i(^2)(i^, k)) ||2<ix2‘^ 

< c(d)\\(iul 2 d - ^(k) - Gi+i((3i)(uj,k))~^\\2d^2d 

■ \\(iujl2d — ^(k) — G;+i(/32)(cJ, k)) ^112^x2'^ 

■ \\Gl+l{Pl)(uJ,k) — G/+i(^2)(i^, k) ||2dx2‘i 
• \\Gi{l3i){uj,k) — G/+i(/li)(cj, k) ||2dx2d 

+ c(d)\\(iujl 2 d - T(k) - G;+i(^ 2 )(c^,k))"^|| 2 dx 2 <i 
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• {\\Gi{l3i){iu, k) — Gi{(52){lo^ k)||2<ix2'« 

+ \\Gi+i{Pi){uj,'k) — G/+i(/32)(a;, k) 112^x2'^) 


It follows from this inequality, Lemma 14.11 ([T]) , 
that 


, ( 1021) and (lOHD 


(4.29) 


|^KA)(U)-A(^2)(U)| 

1 ^ 


pTvh 


N, 


Pi 


< 


2ttL'^ 


E 


duj -\- 


' —Tih 


duj I ^ 1 


Xj(a;,k)yO 


kGr(L)* ^ / j=l 

I log(det(/2<i - {iul2d - ^(k) - Gz+i(^i)(ca, k))”^ 
•(GKA)(c^,k)-GHi(A)(c^,k)))) 

- log(det(/2d - {iujl2d - ^(k) - G/+i(^2)(cc;, k))"^ 
•(Gz(/32)(a;,k)-G,+i(/32)(cc;,k))))| 


+ 


2'kL‘^ 


E 

kGr(L)* 






dio -\- 






N, 


P2 


1 ^XjG,^)^0 

j=l 


I log(det(/ 2 d - {iul 2 d - 6:(k) - Gz+i(/32)(t^, k)) ^ 
•(Gz(^2)(cc;,k)-G,+i(^2)(cc;,k))))| 


< 


2ttL'^ 


E 

kGr(L)* 




pTvh 


N, 


' —Tih 


+ 


1 


Pi 

duj+ I J l^^.(^,k)yoc(d)M”^/3 

N, 


I ^ 


2ttL’^ 


E 




duj 4“ 


kGr(L)* V'' ^ 

< c{d, 


r 


''/32 


lxd^.k)yoc(d) 


a 


-2 


By coupling (14.281) with ( 14.291) we obtain the claimed inequality. □ 
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Here we introduce sets of covariances. In the next subsection we 
will see that the actual covariances in the infrared integration belong 
to these sets. For I G Z<o we dehne the subset 71{D, Cq, M)(l) of 
Map(D, Map(/Q, C)) as follows. C G Map(D, Map(/Q, C)) belongs to 
71(0, Co, M){1) if and only if the following statements hold. 

(i) ^(^(X) G C{D- C) n C-{D- C), (VX G II). 

(ii) 

(4.30) |det((pi.q,>c„C(U)(X..y,.))i<ij<„| < (c„AC')". 

(Vm,n 6 N,Pi,qj 6 C" with ||pj||c>”, ||qi||c” < 1, 

Wi 4o (* = 1.2, ■ ■ ■ , n), U G D). 

(iii) 

(4.31) ||C{U)||,_,,, <CoAr'-‘', {ViG{0,l},UGB), 

where 0(11) : C is the anti-symmetric extension of 0(11) 

defined as in ( 13.91) . 

(iv) 

(5(U)(X) = (VX G /2,U G D), 


v) 


for each S 

(SZl). 


I ^ I, Q: I 


defined in ( 14.31) . ( 14.41) . ( 14.51) . ( 14.61) . 


C(U)(X) = e-'^^(‘^2(^))C'(U)(5'2(X)), (VX G U G D), 


for each S : I ^ I, Q : I ^ R dehned in (l4.8l) . (I4.9l) . 

It will be important to measure the difference between the covari¬ 
ances dehned at different temperatures. For this purpose we introduce 
the subset '^{D, cq, M){1) of IZ{(5i){D^ cq, M){1) x IZ{(52){D^ cq, M){1) on 
the assumption (13.31) as follows. {C {I5i) ^ C (l32)) G IZ{l3i){D ^ cq^ M)(l) x 
'TZ{I32){D, Co, M){1) belongs to iZ{D^ Cq, M){1) if and only if the following 
statements hold true. 

(i) 

(4.32) I det((pi,qj)cmC'(A)(U)(i?^^(Xi,yj)))i<ij<^ 
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dct ( (pj, (\j)i^mC (U) {R[]2 {^i: ^’))) I 

iym,n e N, Pi,qi G C”" with ||pi||c-, ||qi||c- < 1, 

Xi^Yi E Iq {i = 1, 2, • ■ ■ , n), U G D). 

(ii) 

(4.33) |C(A)(U) - C(^2)(U)|,_i < P;XoM-^\ (VU G D). 

Take any I G {0, —I,-- - , and Gi G X{D, a, M)(l). The same 
estimation as in Lemma [4.21 ensures that we can define Ci G Map(D, 
Map(/2,C)) by 

(4.34) Q(V)(p^ax,rjyTy) :=Y ^ k) 

^ {uj,k)eMxr{L)* 

■ {iuhd - ^^(k) - Gi{'U){tJ,k))~\p,r]). 

In fact Gi is intended to be a generalization of the actual covariance 
appearing in the infrared integration process which we perform in the 
next subsection. Let us summarize properties of Gi. 


Lemma 4.6. Assume that 

(4.35) M > 8{d + l)^(c^ + (1 + ^/2)^(8c^ + dTr)). 

Then, there exist a constant c{d, M, c^) G M>o depending only on d, 
M, Cyj, and a constant c{d) G M>o depending only on d such that the 

_ d 

following statements hold if Cq > c{d,M,Cy,,c^f^ ^ and a > c{d). 

( 1 ) 

C,en{D,co,M){i). 

(2) Assume in addition that (l3.3l) holds, / G {0, — 1, ■ ■ • , and 
(G)(A),G)(/32)) G t{D,a,M){l). Then, 

{Gii(2^),Gf(22))en{D,co,M)il). 


Remark 4.7. To guarantee that Gi, (GfPi), Gi{P 2 )) satisfy (14.311) . (14.331) 
respectively, we use the condition (14.351) . The bound properties (14.311) . 
(I4.33l] are crucially important for changing the measurement with the 
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scale / to that with the next scale / — 1 at every step of the infrared 
integration. We prefer to make explicit a sufficient condition for M to 
justify the crux of our RG regime. Also, recall that the only condition 
of M apart from the basic condition M > 2 so far is M > for some 
generic constant c G M>o in (13.181) . The inequality (14.351) is the second 
nontrivial condition imposed on M. 

The next lemma will be useful in the proof of Lemma ITT , 

Lemma 4.8. Let Aj,B,C G M>o (j = 0,1, • • ■ , d), D G M>o and assume 
that A^B < CD'^{n\y, {\/j G {0,1, ■ • • , d}, n G N U {0}). Then, 

B < ACe A=o\(d+i)'m) _ 

Proof. By assumption, 

4 (T) Ai<ci(ty, (Vj e {0.1. •. •, 4. n e N u {0}). 

By summing both sides over n G N U {0} and squaring them we obtain 

eA'B<4C, (Vje .4), 

which leads to the result. □ 


Proof of Lemma \4.(^ (d]): The expansion of the integrand of Ci as in 
(14.251) converges uniformly with respect to U G D. This implies that 
Cl satishes the property (E) of 1Z{D,Cq, M){1). Let us check that Ci 
satishes the invariant properties. The invariance with S : I ^ I, Q : 
/ —^ M dehned in (l4.3l) . (14.41) . (I4.5l) is clear. The invariance with S, Q 
dehned in (14.61) straightforwardly follows from the dehnitions. We can 
refer to the proof of the same invariance in piUl Lemma 7.13 (3)]. For 
(p, X, cr, x), (r/, y, r, y) G A, U G D, 

G(U)((p, rL(-x - 6(p)), cr, x), (p, rii-y - b{r])),T, y)) 


A-^-b{p) 




.5£Lg-4-y-K^),T7 




Sa,T 

JTd 





(tJ,k)€Vfxr(L)* 
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• (^iujl2d - 8 ^-k - - G'KU) -k - 

■Ua{\8)^U,{^e^^\p,r^) 

= Cz(U)((/9,x, cr, x), (r/,y,r, y)), 

where we used the facts X;(a;,—k — {2ti/L)£^) = x;(a;,k), £’(k) = 
£■(—£^, —0)(k), Lemma [231 (ED and the invariance ( 0 ) of /C(D, a, M){1). 
The above equality implies the invariance with S':/—)►/, Q:/— 
dehned in (14.71) . Thus, we have checked that all the invariances in the 
item (E^ of 77(T), Co, M)(/) hold. 

An argument based on the invariances T(k) = S(k)*, G/(U)(a;,k) = 
G'/(U)(—cj, k)* (VU gT), (cj, k) G Ad X ((27r/L)Z)‘^), parallel to the proof 
of jini. Lemma 7.13 (4)] shows the invariance 

0(U)(X) = e--«^<*m'c;(U)(S2(X)) 

with S', Q dehned in ( 14.81) . 

For (p, X, cr, x), (p, y, r, y) G /q, 

^i{h{p),TT)+i{h{n),TT) Q (pxnx, yyry) 

= lb E k) 

^ {uj,k)&Mxr{L)* 

■ - S(k) - Gi(U){uj,kY)-\y, p) 

= -Ci{V){yyTy,p^ax), 


where we used Lemma E3] (lTD and the invariance in (E^ oi)C{D, a, M){1). 
This equality leads to the invariance with S':/—)-/,Q:/—>]R de¬ 
hned in ( 14.91) . Thus, Ci satishes the invariances stated in the item ( 0 ) 
of n{D,Co,M){l). 

By combining Lemma [TT] (HD,(ED, Lemma ITEI with the standard ap¬ 
plication of Gram’s inequality we can show that 


(4.36) 


|det((p„q,)c™a(U)(A„y,))i<M<n| < {c{d,M)fYm^^)Y 

(Vm, n G M, p^, % G C”" with ||pi||c™, ||qj||c™ < 1, 
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Xj, Yi E Iq (z — 1, 2, • • • , n), U G D). 

This means that Ci satishes the determinant bound (l4.3()l) for any Cq > 

c{d,M)f;-\ 

It remains to prove (14.311) . Take j G {0,1, • • • ,d}. By Lemma ESI (SD , 
(14.141). the facts that ||74||od..od < 2'^max„ ,^£5 \A{p, r])\ {\/A G Mat(2^, C)), 
(2n)! < 2^"'(n!)^ (Vn G N), w(0) < 1 and the condition (A > 2"^ we have 

o \ n 

{iul^d — S{k) — Gi{uj, k)) 


( 4 . 37 ) 


dkj. 


2‘^x2<^ 


< 1 + 2’^a-‘^M\2c^ + 7r)V(/)-"(2n)! 

< 2M\d>c^ + 47 r)V(/)-"(n!)^ (Vn G N>i, (cj, k) G R^+^). 

Take any (a;,k) G satisfying x;(cj,k) 0 . By ( 14 . 371 ) and Lemma 
14.21 we can apply [[121 Lemma C .3 ( 2 )] with s = M~\ q = 2M\ r = 
( 8 c^ + 47 r)w(/)“\ t = 2 to deduce that 

( 4 . 38 ) 

o \ n 

' [iu^d — £’(k) — Gi{u^ k))“^ 


Mj. 


2 ^x 2 ^^ 


M- 2 ^ • 2 M' 


< 


-t-((8c^ + 47r)w(/)-^(l + (M-^ • 2M^)^Y)"{n\y 


(1 + (M-^-2470^)2 
< M“^((l + a/2)^(8c^ + 47r)w(/)“^)’^(n!)^, (Vn GNU {0}). 
Moreover, by Lemma 14.11 
^ d 


( 4 . 39 ) 


Mj. 


Xi{uj,k){iujl2d - S{k)- Gz(cj,k)) 


-1 


2dx2d 

2 


<M ^((C;^ + (1 + \/ 2 )^( 8 c^ + 47r))w(/) ^)"'(n!)^ 

(Vn G NU { 0 }, (cc;,k) G 

By using the above inequality and Lemma ITTI (Ilj),([ 5 D we can estimate 
as follows. 


27r, 




27 r 

^ - l)^G(-xcra;,-yry) 


2dx2d 
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< 


1 ” 

^ (a;,k)€A1xr(L)* i=l 

d V 


l_ 

27r Jo 


duj 


duj' 


xKw',k)(za;72d - S{k) - Gi{u\k)) 


-1 


2dx2d 




j=l ^3 


<M + (1 + V2)^(8c^ + 47r))w(/) ^Yinlf 

1 




j=i 




E 


li. 


^Xi(w+E7i 


(a;,k)GA4xr(L)* 


< c(M, (i)/t + (1 + v^)^(8c;^ + 47r))w(/) ^)”(n!)^. 

By repeating the same procedure as above we have that 
|d,(X)-C'(X)| 

< c(M, (i)/t + (1 + v^)^(8cx + 47r))w(/)“^)’^(n!)' 

(Vj G {0,1, • • • , d}, n G N U {0}, X G /^). 

Here we can apply Lemma 14.81 to derive that 
(4.40) 


|a(X)| < c(M,d)/t ^^=°V('^+i)^(^x+(i+V2)^(8c^+4.)) 


w(/)dj(X) 


1/2 


(VX G /2). 


Moreover, on the assumption (14.351) . 

|C)(X)| < c(M, G /2). 

which implies that 

||a(U)||,_i,, < c{M,d,c„)fdM-‘-“, (Vt e {0,1}.U e D). 

_ d 

Thus, if Co > c(M, d, Cy,)/t % the covariance Ci satishes the inequality 

doH). 

(Ej): First note that the assumption ;da > 1 implies that l/^a < 
[a = 1,2) and thus the results of Lemma ITTI (ED for Pi, 
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^2 are available. For I G {0, —1, • • ■ , a G {1, 2}, define Cont,i{(^a) £ 
Map(D, Map(/Q, C)) by 


C'onM(^a)(U)(pxcrx, r^yry) 

•= ( l'jn8„ix)+ngjy) 


27rL^ 


k£r(L)* 


pivh 
'-nh 


{iuhd - ^(k) - G;(/3fl)(U)(tu,k)) ^(p,r/). 


By taking into account Lemma 14. II (El) we can justify the following trans¬ 
formation. For any (x, cr, x), (y, r, G F(L) x {t,|} x [-/3i/4,/3i/4);„ 

ContAl^a){-^(7x, -yTy) - ^(-Xfir^^(x), -yTTpSy)) 


e 


27rL^ 

5 


E 

kGr(L)* 


^i(x-y,k) 




E 








{u, k) {iul2d - S(k) - Gi{^a) (w, k)) ). 


Then, by Lemma ITT1 (ED and (14.391) . 

(4.41) ||C'ont,K^a)(-xcrx, -yry) - C;(^J(-xcrr^„(x), •yrr^,(2/)) 112^x2^ 

< c(d, M, Cy,, - 2/1 + ^"0- 

Calculation parallel to that leading to (14.401) yields that 


(4.42) |C„,^,z(;d„)(X)| < c(M,d)/”^M“'C 
(VX G P). 


w{l)dj (X) 


1/2 


By using the inequality dj{Rp^{X.)) > {2/7T)dj{X.) (VX G P) we can 
derive from (14.401) that 


(4.43) |Q(a){R,.(X))| 


< c{M, d)f, ^M'“e 


( _ 2w(0d,-(X) _ 

^j=0 \^-jT(d+l)^{c^ + (l+\/2)‘^(8c^+4:TT)) 


1/2 


5 


(VX G P). 
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By putting (14.4111 . (14.4211 . ( I4.44I1 together, 


(4.44) |C„,,,(A)(X) - C,(A)(i?ft(X))| 

< c(d, M, c„, cJ/3rVr’M‘“((i„(X)i + M-i) 




1/2 


We need to establish a decay bound on Coni,z(A) — Cont,i{f^2)- Remark 
that 

-yry) - Cont,ii(^ 2 )i-y^crx, -yry) 



• {iLohd - ^(k) - GKA)(c^,k))-'(GKA)(a;,k) - GK^2)(cu,k)) 

• {iujl2d - 6 ^(k) - Gz(/32)(t^,k))"b 

Then, by Lemma 14.11 (ED, (14.161) . (14.381) . (14.391) and the fact (n!)^ < 
(2n)! < 2^^(n!)^ we have that for j G {0,1, • • • , d}, X G 

d,{xr\cZ,i{Pi){^) - cZ,i{P2){x)\ 

< c{M, 


^ (mi ) ((cx+(l + ^)'(8cx + 47r))w(/) ^)'”'(mi!) 

mi =0 ^ 2 


• T V ^) W "' — "^1 — ^2)0 

< c(M, 
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• ((c^ + (1 + v^)^(8c^ + 47r))w(/) ^ + (2c^ + 7r^)w(/) ^ 

+ (1 + V2)^(8c^ + 47r)w(/)"^)'" 

< c(M, 

■ (47r(c^ + (1 + V2)^(8c^ + 47r))w(/)"^)", 


which combined with Lemma 14.81 implies that 

(4.45) ia^KA)(x) - cZ,i{f^2)m\ 


< c 


d 1 ( w(i)dj(X) , 

^=° \47^{d+iy^icx+{i+V2y^isc^+i7v)) J 


1/2 


On the assumption (14.351) . the inequalities (14.441) . (14.451) yield that 


(4.46) |OKA)(U)(i?,,(X)) - a(^2)(U)(i?,,(X))| 

< c{d, M, c^, C^)I3;~^ f;~^ 

(VXg/ 2 ,Ug:D), 

and thus, 

|0(/3i)(U) - C;(A)(U)|,_I < c(d,M,c„,c^)fdpdM-^\ (VU e D). 


_ C4 

Therefore, the inequality (14.331) holds for Cq > c{d, M, c^, c^)/t L By us¬ 
ing (14.361) . (14.461) and applying the Cauchy-Binet formula as in the proof 
of Lemma 13.11 (Hj) we can prove that (14.321) holds for Cq > c{d, M, c^^,, c^) 

_ d 

fP- n 


We conclude this subsection by describing the recursive structure of 
the infrared integration in terms of the scale-dependent sets of Grass- 
mann polynomials and covariances introduced so far. The proof of 
the following lemma is essentially based on the general results jlSl 
Lemma 3.9, Proposition 5.6, Proposition 5.9]. See flSl Subsection 2.2] 
for the meaning of uniform convergence of a sequence of Grassmann 
polynomials. 


112 



























Lemma 4.9. There exists a eonstant c G IR>o independent of any pa 
rameter such that if 

(4.47) > c, a > 

the following statements hold true. 

(1) If I G Z<0; 

j'+‘ e S{D, Co, a, M)(l + 1), C,+i e n(D, c„, M)(l + 1), 
then, 




z=0 


log ( / 


uniformly converges with \J G D. Let T denote it. Then, 

f G S{D,Co,a,M){l). 

(2) In addition, assume that (13.31) holds and 

(/+'(A), ^^+'(^ 2 )) G SiD, Co, a, M)(/ + 1), 

(Cz+i(A), a+i(^ 2 )) G n{D, Co, M){1 + 1). 

Then, 

(j'{A),j'{ft)) 6<S{Aco,a,M){Z). 

Proof. ([I]): Let us define F^, T^'^T ^ Map(F,/\V) (n G ^> 2 ) by 

F‘iVm := 4L_^log (y . 

r'-<”)(U)(V') := 4 ( 4 ) l^^^iog (</’*)) • 


It is implied by [[121 Proposition 5.6] with Ui = d, 02 = 1, as = 1 
04 = 1/2 that on the assumption (14.471) 


A 

N 


|F'(U)| + ^ |r''<">(U)| I < 


n=2 


N 


Ar^||Fi(U)||,,( + ^ |lr«">(U)||M < 1, 


m=2 


n=2 
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(VU eD, te {0,1}). 


Moreover, it is clear from the derivation of the inequalities “(5.63)”, 
“(5.66)” in the proof of jl^l Proposition 5.6] that 

oo / N \ 

sup |T«"'{U)| + 53 ||r«"'(U)||,,o < oo. 

n—2 UgD \ ni—2 J 

Thus, uniformly converges with respect to U G H. By 

the dehnition of the free integration and the tree formula (see, e.g. iza 
Theorem 3]), (n G N>2) consist of hnite sums and products of 

J^+\a+i. Thus, G ^(F; AV)nC'^(L>; AV) (Vn G N>^. There¬ 

fore, the uniform convergent property ensures that A G C{D;f\V) fl 
/\V). The above inequalities imply the bound properties (l4.ll) . 
(14.21) . We can apply jlSl Lemma 3.9] to prove that P inherits the invari¬ 
ant properties claimed in the items (E]), ( Iml) of <S(F, Cq, a, M)(/) from 
and Ci+i- Therefore, A G S{D,Co,a, M){1). 

(Ej): On the assumption (14.471) the claim follows from 
pm Proposition 5.9] with ai = d, 02 = 1, as = 1, 04 = 1/2. □ 


4.2. Completion of the infrared integration. Here we implement 
the infrared integration scheme to prove Theorem 11.61 Most of the 
necessary tools for justifying the multi-scale integration have already 
been prepared in the preceding sections. By putting together these 
lemmas and a lemma separately made in Appendix O we will reach the 
proof of Theorem II.61 First of all let us describe properties of the output 
of the Matsubara UV integration in terms of the sets S{D, Cq, o, M)(0), 
<S(F, Co, o, M)(0). In the following C^q : /q —^ C (3 = +, —) are the 
covariances dehned in (l2.8l) . (12.91) with the cut-off function (j){Mj^yh^\l — 
in place of x(^|l “ 6 *“^/^]). 

Lemma 4.10. There exist a eonstant c G M>o independent of any pa¬ 
rameter and a constant c{M^ d) G ]R>i depending only on M, d such that 
if (13.181) holds with c, the following statements hold for any Cq > c{M^ d) 
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and r G M>o satisfying 


Ny . 

(4.48) re-*"'"''-'" c“a^"'u„(w(0)) < 

m=l 

(1) There exist r{l3,L) G M>o dependent on jd, L, independent of h 
and G <S(D(r)”’', Cq, a, M)(0) such that 

(4.49) 

^ 5e{+,-} ^ 

(VUGD(r(AL))""). 

(2) On the assumption (l3.3l) . 

(J0(A), Am G <S(D(r)-, Co, Q(, M)(0). 


Proof. There exists a constant c(M, h) G M>i depending only on M, 
d such that the conclusions of Lemma 13.11 hold for any Cq > c{M,d). 
Fix such Cq. Let (?/;), 

(g A'^) G {+,—},/ G jo, 1, • • • ,Nh — l} , n G N> 2 ) be defined as in the 
beginning of Subsection 13 21 Here we explicitly show the dependency on 
the parameter S, while we concealed it in Subsection 13.21 and Subsection 
13.31 Then, set J°(^) := + J°“(?/^))/2. By Lemma ITT and 

Lemma [3771 there exists a constant c G M>o independent of any parameter 
such that if (13.181) holds with c, the following bounds hold with any 
r G M>o satisfying (14.481) . 

4|J«(U)|<a-\ 

N 

E d«’"ll^™(U)||o.. < 1. (Vi e {0.1},U e dPT'). 


On the assumption (l3.3l) . 


h 


P(A)(U) 


h 

N(h) 




< (di^ a 


-1 


J 
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N{p2) ^ _ 

E c„^«’"l^™(/3i)(U) - J"(A)(U)|„ < A-^ (VU e D(r)"”). 

m=2 

Moreover, by Lemma 13.4 


(4.50) 


oo / ^ \ 

E E ir^’'''”’(u)i + E ry‘">(u)ii„,o < (X), 

n=2 UeD{rf'’ 5g{+,-} \ m=2 / 


Let us prove that 

(4.51) j'-‘6C(:Dyr”;/\v)nC"(l3{r)"”;/\v) {V<5 e {+,-}) 


for any I G {0,1, • • ■ , Nh}. It is clear from the dehnition that (14.511) 
holds for I = Nh. Assume that (14.511) holds for / + 1. Then, by dehni¬ 
tion ^ C{D{rf''] A V) n C^{D{rf'’] A V) (V(5 G {+,-}, n G 

N> 2 ). The bound property (14.501) implies that uniformly 

converges. Thus (14.511) holds for 1. By induction, (14.511) holds for any 

I G {0,1,-•• ,Nh}. We especially have that G C{D{r) ] l\V) fl 
C^{D{rY^-t\V). 

By the same argument as in the proof of piUl Proposition 6.4 (3)] we 
can conclude that there exists r{P,L) G M>o depending on l3, L and 
independent of h such that 


( 4 . 52 ) r{U)(V.) = ;( E log ( / 

^ 5e{+,-} 

(VU G D{r{P,L)f)- 


We can see from the properties of U^(U)(?/^), Uq^(U) and the dehnition of 
logarithm of Grassmann polynomial (see, e.g. |ISl Subsection 2.2]) that 
the right-hand side of (14.521) is equal to that of (14.491) if maxje{i^ 2 ,-- ,nv} \ Uj\ 
is sufficiently small. The inequality (12.151) implies that there exists 
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r(;5, L)' G M>o dependent on 13, L, independent of h such that the right- 
hand side of (14.491) is analytic with U in D{r{l3, . Thus, by us¬ 

ing the identity theorem and continuity and taking r{(3,L) smaller in¬ 
dependently of h if necessary we obtain the equality (14.491) for U G 


—Tlv 


D{r(fl,L)) 

It remains to check that satishes the invariant properties. Recall 
the dehnitions (12.51) . ( 12.111) . The invariance 

(4.53) - V(U)(K^) + /31/o^(U) = -V(U)(V’) + 


-Uv 


(VUeD{r) £{+,-}) 

for 5 Q M dehned in (l4.3l) . ( 14.41) . (14.51) . ( I4.6l) follows 

from the dehnition of (11.61) . (11.71) . (11.81) and (11.91) respectively. The 
properties (11.81) . ( ll.lOl) and (1 1.111) imply (14.531) for S, Q defined in (14.71) 
as well. Moreover, the property (11.121) ensures that 

(4.54) -VW}W) + PWW) =-V\V)(^) + I3V„\V}, 


-riv 


(vveD{r) {+,-}) 

I, Q : I ^ R defined in (l4.8l) . It also follows from the 


for 5 : / - 
dehnition of (ll.lll) and (11.121) that 


(4.55) 


- V(U)(TCV>) + /?V"(U) = -V-\V)(i,) + Wo^U). 

(vue:^””,ie {+,-}) 


for 5 Q :/—> M dehned in ( 14.91) . 

Next let us conhrm some invariances involving the covariances C+q, 
C~Q. Let S : I ^ I, Q : I ^ R he one of those dehned in (l4.3l) . ( 14.41) . 
(14.51) . ( 14.61) . (14.71) . It is the same procedure as in the proof of Lemma 
4.61 (HD to prove that 


= G„(X). (vx e e {+, -}). 

Moreover, we can see that for any X G 3 G {+,—}, 


(4.56) 




'0 = 0 
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^>=0 


_ g-EYe/2C'>o(Y)g|^^-7^^^ 


X 


'!/j=0 



X 


d^dS'^)- 


Let (S':/—>/, Q:/—>Mbe defined in (14.81) . By repeating the argument 
parallel to the proof of fTHl Lemma 7.13 (4)] we obtain that 

g-.o,(&(x))5r ( 5 .^(X)) = clo{X), (VX e <5 e {+, -}). 
Moreover, for any X G /"*, ^ G {+, —}, 






'tp=0 


= g“L)Ye/2 ^>o(Y)3|^g-iQm(S'm(X))^^ 


■0=0 


= / e 


>0 


or 

(4.57) 




For 5, Q defined in (l4.9l) and (p, x, a, x, 9), ( 77 , y, r, p, G /, 
(4.58) pyrpO) 


1 . 


2^ 


i{b{p),7T)+i{b{ri),7r) 


■ (l(0,o=(i,-i)C'>o(w^?/,PX(Jx) - l(e,^)=(_i,i)C'Jo(px(Jx,pyr7/)). 

Moreover, by Lemma [23] dl]), 

g4(6(p),7r)+4(fo(r7),7r)^+^^^^^^^ 

Srr.-r 


fdLd 


(u;,k)£A7^xr(L)* 
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( 5 . 


(3Ld 


E 


{uj,k)&MhXr{L)* 

= -C^oiwry, p^crx). 
This implies that for ^ G {+, —}, 


emp),7r)+mrj),7r)(js^^^p^^^^^y^y^ ^ -Cj{r]yry,p:>^ax). 
By substituting this equality into ( 14.581) we obtain 


e-«=(®’(x))C^o{S'2{X)) = C-‘{X.), (VX e Pj e {+, -}). 

Furthermore, based on this equality, transformations parallel to the 
derivation of (14.571) yield 


(4.59) / = 

/ '-'>0 



xdMcjjG). (VX e z™, 5 e {+,-}). 


Fix U G D{r{(3, L)) . Let Q be one of those dehned in (l4.3l) . ( I4.4l) . 
(Sa), (USD, dO). By (SS), dlSSD and (SSSD, 

J»(U)(K^) = t 5: log ( / 

^ <5e{+.-} ^ 


Let 5, Q be dehned by ( 14.81) . By (14.521) . (14.541) and (14.571) . 


J0(U)(7^^) = - 5] log! / 


5g{+,—} 


= V»(U)(V-). 

Finally, let S', Q be dehned by (14.91) . By (14.521) . ( 14.551) and ( 14.591) . 


J0{V){ni,) = i log / 


5£{+,—} 

tO 


= V“(U){^). 
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Since U ^ J°(U)(^), U ^ J0(U)(7^V^), U ^ J0(xJ)(7^^) are contin- 
nous in D{r) and analytic in the identity theorem and the 

continuity ensure the claimed invariances for any \J ^ D{r) . □ 

Note that we can choose a constant c{d) G M>o depending only on d, 
a constant c(d, c^, Ny) G M>o depending only on d, c^, Ny so that if 

h > L>P, M> c{d, c^, Ny), a> c(d)M'^+N 

all the assumptions imposed on h, L, jd, a, M in Lemma 14.41 Lemma 
14.51 Lemma 14.61 Lemma 14.91 Lemma 14.101 are satisfied. Then, there 
exists a constant c(d, M, c«,, c^) G M>o depending only on d, M, Cy,, 
such that the conclusions of Lemma 14.41 Lemma 14.61 Lemma 14.101 hold 

_d 

for Co := c(d, M, Cy,, c^)ft L With this Cq, set 

m=l 

To make clear, let us sum up these assumptions. From now we assume 

that 

(4.60) 




h > L>P, M> c{d, c^, Ny), a> c{d)M^+'\ 


Co = c(d, M, Cyj, c^)/t % r^ax = ^ 


1/2 


Nv 


-1 




m=l 


Recall that in Lemma 12.121 we derived the Grassmann integral formu¬ 
lation 

log (y 

assuming that the coupling constants are sufficiently small, where 
R\^) =log( [ = +,-)• 


Here we consider the cut-off functions x(d|l — x(|w|) inside C^q, 

C^Q as 0(Mdyd^|l — 6*^^/^!^), (f){M^v^‘^) respectively. The next lemma 
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shows how we can analytically continue this Grassmann integral formu¬ 
lation by means of the iterative infrared multi-scale integration or the 
renormalization group method. 


Lemma 4.11. The following statements hold true. 

(1) There exist 

4 e Co, a, M)(l) C) 

eK(I3{r„„)"”,a.M)(;) (I = 0,-1,-■ ■ , Nf,) 


and r{P,L) G M>o depending on (d, L, independent of h sueh that 
(4.61) Ei{V){uj,k) - = O, 


(4.62) 


(V/ G {0, —1, ■ • • , Np}^ U G Dir^ax) 

(cj,k) G with x<i{uj,k) = 0), 
1 


■riv 




log / 


1 


Nr -1 




E 4(U) 




N, 


E 


2 

-E^ 

1=0 (a;,k)G7Mxr(L)* 

• log(det(/2. - - ^:(k) - ^Hi(U)(t^, k))-' 

■ {EfV){uj,k) - Ei^,{V){uj,k)))) 

+ fiVpV), (VUeD{r{fS,L)fl 

where we set Ei := 0. 

(2) In addition, assume (13.31) . Then, jQ{(da), Efjda) introdueed in ([I]) 
for a = 1, 2 satisfy that 


e S{D{rmaxTTCo,Oi,M){l) n {C{D{rmax) ";C) xC{D{rmax) ";C)), 
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(E,{M,EiiP 2 )) e t{D{r„,„r,a,M)il), (VZ e {0,-1, ■ ■ ■ , AT^}). 


Proof, dl]): By Lemma l4. 101 (HI) there exist G S{D{rmaxT'"^ Cq, a, M){0) 
and r{P, L) G ]R>o depending on (3^ L, independent of h such that (14.491) 
holds. Let I G {0,—I,-- - , Np} and assume that we have 

J Q e n).o'S(£’{r„„)“”,Co,a,M)(i). Define W>,Ei e 

Map(D(ft^’.Map(R‘'+‘,Mat(2‘‘,C))) {j = 0, -1, ■ ■ • ,1) by (| 4.17 p, 

(|4.18l) respectively. By Lemma lOI (ITl). Ei G lC{D{rmaxY'’ ■, Pi){l). De- 

hne Cl G MQ.Y){D{rmax) Map(/Q, C)) by (14.341) with Ei in place of Gi. 
We can apply Lemma SSI ([I]) to conclude that Ci G lZ{D{rmaxY'’ ■, Co, 
Dehne G Map(L>(r^a^) \AV) by 


/-Au)(^) 




By Lemma (ITl). G S{D{rmaxY^^ ctj M){1 — 1). Thus, we have 
inductively created P G S{D{rmaxY''^ oi-, M){1) {I = 0, —1, • • • , — 

1), El G E{D{rmaxY'’^){^) = 0? “!?■■■ ^^p)- clear from 

the definition (14.181) that Ei satisfies (14.611) . Note that by (14.491) and 
taking r(/3, L) smaller independently of h if necessary the left-hand side 
of (14.621) is equal to 

(/ + fvpiv) 

for any U G D{r{P L)) . Then, we can expand the hrst term in the 
same way as in the proof of |ISl Lemma 7.18 (3)] by taking r(/3,L) 
smaller if necessary again and obtain the equality ( 14.621) . 

(ED: By Lemma 14TU1 (ED, (J°(A), J°(/32)) G Cq, a, M)(0). 

Assume that I G {0, — 1, • ■ ■ , JYPY) ^ 

<S(L>(r^aA''Lco,a,Af)(j) for all j G {0,-1, • • • ,/}. By Lemma [O 
(ED, {Ei{(3i), Ei{P 2 )) e ^Y{D{rmaxY"^<^^^){0- Then, by Lemma ST 
(ED, {Ci{(3i),Ci{(32)) e'R{D{rmaxY"^Coj^){0- Then, by Lemma STl (ED 

(A“AA), A~AA)) £ ^{DYmaxY"— 1). The induction with 
I ensures that the result holds true. □ 
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Remark 4.12. In fact the derivation of (14.621) well describes how to 
update the covariance and integrate the Grassmann polynomial by using 
the updated covariance at every step of the IR integration. Despite its 
conceptional importance, here we only refer to the corresponding part of 
pm Lemma 7.18 (3)] without reproducing it, since this paper is intended 
to be a continuation of [TD]. However, we should remark that we need 
to use the relation 

J'(U)(V-) = 4 ^ lb L 

(p,x,o-,x),(r?,y,r,i/)€/o ^ (a;,k)GV4/,xr(L)* 

pyiGx4^ 'qyry'i 

(U e D(r„„)"‘') 

to update the covariance by substituting WK To derive this equality, we 
use the invariance J 2 (U)(b^) = with 5':/—>/, Q:/— 

dehned in dOj), (I13D, (ES), (STD, embodied \nS{D{rmaxT\CQ,a, M){1). 
See (ini Lemma 7.6 (1)] for the derivation of the same relation. 

Define J^nd G Map(D(r^a 2 ;) C) by the right-hand side of (14.621) . An- 
alyticity and convergent properties of the free energy density follow from 
the properties of J^nd- Let us summarize them in the next two lemmas. 

Lemma 4.13. There exists a constant c'{d,M,c^,c^) G M>o depending 
only on d, M, c^, such that the following statements hold true. 

( 1 ) _„ 

Jend G ; C) D C‘^ {D{r \ C). 

( 2 ) 

_ d Jly 

|'And(U)| ^ C (d, Af, Cy,, C^)/t CH 4“ '^Q^maxi (VU G D^Tfjiax^ )• 

(3) In addition, assume (13.31) . Then, 

\Jend{Pl){V) - Jend{/32)m < c'(d, M, C^, cjA” 

(VU G D{rmaxf). 

Remark 4.14. Since we have fixed the (d, M, c«,, c^)-dependent con¬ 
stant c(d, M, c^, c^) in (14.601) . we use the different notation c'(d, M, c^) 
to express a positive constant depending only on d, M, 
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Proof of Lemma U-1^ Since (14.611) holds, Lemma 14.51 ([I]) implies the 
claim ([I]). Moreover, by ( l4.ll) and Lemma 1431 

\Jend{U)\ 


Np-1 




< 


c{d) 1 + c'{d, M, C^, C^) Y ft ^ + VoTmax 


1^0 


z=o 


< c'(d, M, Cy,, c^)/t 'a ^ + Vor 

max’) (VU G D{ 

max) )• 


Thus, the claim (EJ) is true. 

To prove the claim (E]), assume ( 13.31) . By (l4.ll) . ( I4.1()l) and Lemma 1431 


kend(A)(U) - Je„rf(/32)(U)| 


< 


Mi-1 


Mi-i 


^ E 4(A){u)-^ E 4(A)(u) 


+ 


1 


V, 


P2 




E I4(/52)(u)| 


l=Np^-2 


N, 


1 d 


Pi 


+ c'(d, M, c^, c^)/3i Vt ' E 


dZ^-2 


/=0 


V, 


P2 


+ c'{d, M, c„, cj E 


/=iV/3i-l 

-$ r-i -1 


< c'(d, M, c«„ (VU G ). 


n 


Lemma 4.15. Let K be a non-empty eompact set o/C”’' satisfying K C 
D{rmaxY'" ■ Then, the following statements hold. 

(1) For any f5 G M>o, L G N with L > jd, Jendil^^ L, h) converges in 
C{K] C) as h — )• oo(/z G (2//3)N). 

(2) Set J{P,L) := limh^oc,he{ 2 /m Tend{P, L,h). Then, for any /3 G 
]R>o, J{P, L) converges in C{K; C) as L ^ oo(L G N). 
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(3) Set J{P) := lim 7 ;,_^oo,LGN JiP: L). Then, J{(3) converges in C{K; C) 
as (3 ^ oo(/3 e N). 

Proof. Though the proof is parallel to the proof of jlSl Lemma 7.20], 
we present it for completeness. Take Tq G {0,rmax) and £ G (0,ro). 
Since Jend G {Dij'maxY'’ ] C) by Lemma [4.131 ([I]), we have that for any 
U G D{ro-ef\ 

(4.63) 


JUfi,L,h){V) = Yi 

n=0 


— n\ \dz 

T-1 I ^ 


hr JUfi,L,h){zV) 


z=0 


By Lemma 14.13 
(4.64) 

sup 


UGUPo-e) 

= sup 


1 hd' 
n\ \dz, 

1 


Jend{(3,L,h){zV) 


z=0 


< 


UGD(ro-e) 
>0 - 
. ro J 


2iTi 


dz 


J„i(P,L,h)(zV) 


pl=ro/(ro-e) 


2 ; 


n+1 


c{d, M, c^)f^ 'a ^ + v^r^^ax), (Vn G N U {0}). 


By Lemma [2. 121 ([I]) and Lemma Pi. Ill ([I]) there exist h-independent con¬ 
stants ho, Cl G M>o such that for any h G (2/;d)N with h > ho and 

U G D{ro-ef\ 


(4.65) 

1 / O \ 71 
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PL'^nl 



e-^nu)Wdficii^) 


z=0 


Here we used that H(U)('0) is linear with U. By Lemma 12.121 (Ej) the 
hrst term of the right-hand side of (14.651) uniformly converges to 0 with 

respect to U G D{ro — e) as h —>■ oo. By Lemma 1C.31 proved in 
Appendix O the second term of the right-hand side of (14.651) uniformly 

converges with U G D[rQ — e) as we send h 
L —>■ oo. Therefore, 


oo and then send 


lim 

h—^oo 

hG(2/^)N 


1 

n\ \dz 


hr Jend{(3.L,h){z-) 


z=0 


lim lim 

L^oo h—>-oo 
LGN hG(2//3)N 


1 

n\ 


o \ n 

—) J,UP,L,h)(z-) 


2=0 


converge in C{D{ro — e) ;C). Since the right-hand side of (14.641) is 
summable over n G N U {0}, we can apply the dominated convergence 


theorem in /^(N U {0}; C{D{ro — e) C)) to the expansion ( 14.631) and 
conclude that 


lim JendW,L,h), 

h—^oo 

/ie(2//3)N 


lim lim JendiP, L, h) 

L—¥oo h—¥oo 
LGN ^g(2//3)N 


converge in C{D{ro — e) C). Set 


J(/3) := lim lim Jend{P,L,h). 

L—¥oo h—¥oo 
LGN hG(2//3)N 

By taking the limits in the inequality obtained in Lemma 14.131 (ED we 
see that is a Cauchy sequence in C{D{rQ — e) Thus, 

hm; 3 ^oo^^eN J(;d) converges in this Banach space. For any compact set 
K of C”’' satisfying K C D{rmaxT'' ^e can choose Tq G {0,rmax) and 

G (0, To) so that K C D{ro — e) . Thus, the claimed convergence 

□ 


£ 


results in C{K; C) follow from the above arguments. 

Before proceeding to the proof of Theorem 11.61 we state a couple of 
necessary lemmas, which are close to piUl Lemma E.2, Lemma E.3]. In 
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the proofs of these lemmas || • ||(b(F/) denotes the operator norm for linear 
operators on x T{L) x 


Lemma 4.16. For any f5 £ 


">!■ 


1 




< 


log 


(^7 


Tr 
Tr 
1 


1 


L/3J 


log 


mL^ 

( Tr \ 


log 


Tre-L^J^ 

Tre-l^J^o 


V Tr 


iV„ 


+ no niax |f/^| + 2^"+^ n,(0) max \Ui\ 

tfct ,nvi . ... ^ 

J=1 


+ 2°'+^ sup ||E(£^, 0 )(k)|| 2 dx 2 d I log 


,Ui;} 


mJ' 


Proof. Since \\'f*x\\^{Ff) = ||^x||©(f 7 = 1 (VX e B x r(L) x 

Ny 

\\y\h{Ff) < L% max |f/z| + 2'^+^L'^ Vnj(O) max \Ui\. 

^ le{l,2,-,ny} ' jFi ^e{i,2,-,n4 

By using this inequality in place of the inequality “(E.3)” and straight¬ 
forwardly following the proof of pUl Lemma E.2], we can derive the 
claimed inequality. □ 

We may consider U inside the operator H as complex variables. 

Lemma 4.17. For any r £ M>o there exists a domain O of C sueh that 
(—r, r) C O and log(Tre“^^) is analytic with respect to U in . 

Proof. Take any r £ R>o, a £ [—1,1]’^’', U £ [—r, and 6 £ [0,1]. 
Note that 


1 Tj. ^-y{Ho+V{\J+iSs.)) _ g-^(Ho+V(U)) !</(;/£ 

^ Tr p-PHo+V{\J)+ieV{R)) 

Jo 

d£ 
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where we used the linearity of V with respect to the coupling constants. 
Thus, 

Re Tr 

> Tr 

> ^-PL’^rvo 

zG [—r,r]'^v 
hG[-l.l]'>^v 

> 0, (VU G [-r,r]"“,aG [-1,1]""), 

if ^ is sufficiently small. Therefore, there exists 6 G M>o such that 
log(Tre“^-^) is analytic with respect to U in the domain {x + iy \ x 
(-r,r),^ G (-^,(5)}”’'. 

Here we can give the proof of Theorem 11.61 

Proof of Theorem M.fi Assume that the condition (14.601) holds. By 
Lemma [4.151 there exist 

J(/3, L), J(/3), J G C{D{rmaJ‘^r] C) n C"(Zl(r^«,/2)""; C) 

such that 

(4.66) lim JendiP, T, h) = J(/3, L), (V/3 G M>o, T G N with L > (3), 

h—yoo 

/iG(2/^)N 

(4.67) ]imJ{l3,L) = J{P), (V/? e K>o). 

L—¥00 

LGN 

(4.68) lim J{(3) = J 

jd—^OO 

/3gN 

in C(D(rmax/^) "(C). By Lemma 12.71 (01). Lemma 12.121 (121). Lemma l4.11l 
([I]) and (14.661) there exists a constant Ci G M>o independent of h such 

71y 

that for any U E D(ci) D M”"", 

(4.69) 

J(/J,I,)(U)= lim f-Miogff 

liG(2//3)N \ ^ 


gi ( R +( U )( V .)+ i !-( U )(*))^^^^^(^0 
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+ 




log 


1 


- 1‘iS 




/iG(2//3)N 

1 




log 


Tr 

Tr e-PHo 


By Lemma [4.171 there exists a domain O C such that D{rmax/‘^) Ll 
]^n„ Q right-hand side of (l4.69l] is analytic with U in O. Thus, 

by the identity theorem and continuity the equality (14.691) holds for any 

, Tilt 

U G D{rmax/‘^) Ll M”'“, (5 G M>o, L G N with L > (5. Then, by Lemma 
Lemma 14.131 (I21) and Lemma 14.161 


Q 

(4.70) 


1 


l3Ld 

< f 


log 


Tre-^^ 

Tr 


1 


mL^ 


log 


Tre-L^J^ 

Tre-l'^J^o 


1/3J 




7 


+ ( "irf'max + 2^^ Vj{0)rmax + j log 


Ny 


j = l 


L/^J 


Ny 


< I c'(d, M, ^ + VQTmax + 2"* ^^(0) 

j=i 

A 


Tr 


+ 2'^+^d 


log 


m 


-71 r; 


for any U G Dijmax/^) Pi M""", f5 G M>i, L G N with L> jd. 

Let <a^(k) {p G B) denote the eigenvalues of £'(£^, 0)(k) for k G r(L)*. 
Then, by (ISl Lemma E.l], 


/3(2L)< 


log(Tre-^^°) = 


/3(2L)' 




.-/3«p(k) 


) 


P&B k€r(L)* 
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/J(2L) 


d 


5] logdet(/2. + e-^^(^''’^)(*^)). 


ker(L)* 

We can deduce from the definition that lim^^^ocLeN E{£^, 0)(k){p, rf) con¬ 
verges for any k G W^, p^rj E B and if we set E{6){k) := hm£,_^oo,LGN 
^(£^,6>)(k), ^(6>)(k)* = ^(6>)(k) (Vk G M'^). Let ^^(k) {p G B) be 
the eigen values of E(6)(k) for k G Then, by Lemma 12.31 ([2]), 
|Q^p(k)| < 2d iyp E B.'k E W^). By considering these facts we can apply 
the dominated convergence theorem to prove that 

(4.71) 

^ ^ log(Tre-'*"“)') 


lim 

L—¥00 

LGN 


/?(2L)‘ 


/3(47r 


'[0,27r]« 


dklogdet(/ 2 d + e 


-mem 


) 




lim lim 

(Smoo L—¥oo 

/3gR>0 


[ (ikVlog(l + e-^“'’(^)), 

3[0,27r]d 

1 


Pi2Ly 


log(Tre-^^°) 


-PHo\ \ _ 


(47r)^ 


'[ 0 , 2 ^]' 


p(k)<0Q)p(k). 


p€B 


-^V 


Let us define F(/ 3 , L), F(P), F e C'(Li(r.„„/ 2 ) ; C)n 
C“(D(r„„/ 2 )””;C) {P e R>o,L e N with L > ^) by 

F(P,L) := 2 -‘J{P,L) - ^^log(Tre-'’"»), 


p(2Ly 


F(P) := lim F(P,L), 

L—¥OC 

LEN 

E := lim E{P). 


By (I4.67I) . (14.681) . (I4.7()l) and the fact that (14.691) holds for any U G 


-riv 


D{rmaxl2) n (d E M>i, L G N with L > ^ we see that 

|f’(/i)(U)-J’{U)| 

< 2-V(/9)(U) - J(L/iJ)(U)| + 2-V(L/^J)(U) - J(U)| 
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+ 


n/c^T\^ log(Tr e — lim lim —^log(Tre 

-oo^(2L)^ ^ ^ 


lgn 


/3GR>o -t-eN 


N„ 


< \^c{M,d,c^,c^)2 '^/t ^a ^ + 2 ^r^ax + '^^Vj{(^)rmax + ‘2^d 

P \ 


log 


m 


+ 2-V(L/5J)(u)-J(U)| 
1 


+ 


lim 

ld{‘^LY 


1 


log(Tre — lim lim . 

^ (5{2LY 


log(Tre-^^°) 


/3G*>o -t-GN 


(VU G D[rmax/‘^) n M”", P G M>i). 


Then, (14.681) and (l4.71l) imply that hm^^oo,/3GR>o = F 

CipYmaxlF) n C). By the same basic argument as the hnal part 
of IISI Proof of Theorem 1.1, Section 7] we can deduce from the above 

convergence property that hm^^oo,/?GR>o F{^) = F in C{D{r^axl2) C). 

To conclude the proof of the theorem under the assumption (l3.ll) . we 
may conceal the dependency on the artihcial parameters a, M, c^, in 
(14.601) . Then, we can read from the conditions ( 14.601) and 4/t < 1 that 
there exists a constant c((i, N^) G M>o depending only on d, such that 

Nv 

E ^«) 

m=l 

The left-hand side of the above inequality is equal to R set in Theo¬ 
rem 11.61 if (l3.1l) holds. By recalling Lemma 12.51 we see that the above 
arguments have proved the theorem under the assumption (l3.1l) . 

Let us show that the theorem in the general case follows from the the¬ 
orem proved under ( l3.ll) . Let us temporarily write Rt in place of R. Set 
tmax '■= maxj£{i 2 ,... ,d} tj. By the theorem for the Hamiltonian + V, 

there exist F(/3, L), F(P), F e C{D(R,„^S’\ C) n C) 


-1 


T^(c(d,iV,))| (4/0^ < 


Tr 
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such that 

F(/J,L){U) = 


/3(2L)' 


log(Tr e 


-^(i;;bHo+V) 




(VU € D{Riu^^) n R”’', /? € IR>o, L G N with L > P), 


lim FiP, L) = F{P) in C{D{R,,^J"- C) 


L—¥00 

lgn 


lim f (/3) = f in 

/3GK>o 


Then, by the linearity of with U, 


F{tmaxP, L) 


1 


X 


-u = 


1 


tmaxP{‘^LY 


log(Tre-^'^), 


-Uv 


(VU G {tmaxD{Rt/tmaJ) n P G M> 0 , T G N with L > tmaxP)- 
Since tmaxR{Rt/tmax) 

1 


tmax F{t 

max P,L) 


—Tly 


.tr 


and 


lim t-iYiaxF(trnaxP 1 F') 


L^. 

LGN 


lim tffidxFitrnax!^') 

p—¥oo 

/3gM>o 


eC{D{Rt) ;C)nC‘"(U(i?t)”VC) 


^maxR ij^maxP') 

1 \ 


.tr 


= f F 


.tr 


in C{D{R, 


rtv 

■tj ; 


Thus, the theorem has been proved. 


n 


Appendix A. Reordering in a non-commutative C-algebra 

Here we prove a lemma which is used in the proof of Lemma ll.li 
Though the actual problem involves the Fermionic creation/annihilation 
operators, we set up the problem in a non-commutative C-algebra for 
simplicity. Let n G N. Let A be a C-algebra spanned by products of the 
elements ai, 02 , • ■ ■ , a^, fli, 02 ?''' Xn satisfying the relation 

(A.l) cL*ak + CLka* = 6j^k^ cLjak + dfeCij = 0, 

a*al + ala* = 0. (Vj, A: G {1, 2, • • • , n}). 
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Set S := {1, 2, • • • ,n}. We call a function /^ : S'"' x S'"” —^ C bi-anti- 
symmetric if 

^a{2)i ' ' ' i ^a{m))t (?/r(l )5 ?/r(2)? ' ' ' i yT{m))^ 

= Sgn(cr) sgn(r)/^((xi, X 2 , • • • , {vu 2 / 2 , ' , 2/m)), 

(Vcr, r G Sm, {xi, X 2 , • • • , Xm), {Vu 2 / 2 , ' , 2/m) G 5'"”). 

For X = (xi, X 2 t - ■ ■ , Xj^) G S'"” let ax, a^ denote 

^li^*x 2 ''' ^xm respectively. Moreover, let X denote (x^, x^_i, • ■ ■ , Xi). 

Lemma A.l. For any bi-anti-symmetric function fm ■ S'"” x S'"” —>■ C, 

^ /„{X,Y)aW 

x,ygs™ 

m / \ 2 

= E E (-ir-'{ 7 ) '!/'"((X,Z).(Z,Y))avai. 

x.YeS™-' ^ ^ 

zes’- 


Proof. We prove the claim by induction with m. The equality for m = 1 
follows from the relation (lA.ll) . Assume that the claim is true for some 
m G N. Let fm+i • S'"”+^ x —)• C be a bi-anti-symmetric function. 

By the hypothesis of induction, 


^ /„+i(X,Y)ai«Y 

X,YgS''"+i 


EE E (- 1 )"-' 

x,y£S 1^0 x,ygS"*-* 
zes‘ 


l\fm+i{{x, X, Z), (Z, Y, y))alaYa*^ay. 


Moreover, by (I A. 11} and the bi-anti-symmetric property of /m+i. 


5] /^+i(X,Y)a;,aY 

X,Y€S''"+i 

m / \ 2 

= E E (- 1 )"*-' 7 ) 

i=0 x.YeS"*+i-* ' 

zes’- 

■ at tty-■ ■ tty ,a* ■■■ at a„ ,,, 

Xi yl Um—l X2 —i+1 y-m—l+l 
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= E E 

1=0 x,YeS™-* 
zes'+i 


m 


/!/^+i((X, Z), (Z, Y))ay^ • • • 


Z=0 x,YeS™+i-' 
zes’- 


m—l+1 


m 


i!/„+.((X.Z),(Z,Y)) 




= 2E E 


m 


^!/m+l((X, Z), (Z, Y))ay^ • • • CLy^_i_iCLx^ym-l 


1=0 x,YeS™-* 
zes'+i 


+ E E (-1)’ 

1=0 x,YeS™+i-' 
zesi 


1-1+2 / 

l 


Z!/„,«{(X,Z),{Z,Y)) 


++vfll+y, ■ ■ ■ <2 ■ ■ ■ 


= E E 

Z=0 x,ygS™-* 
ZgS*+1 


m 


Z!(m-Z)/,„H.i({X,Z),(Z,Y)) 


Sr ■ ■ 


+ E E 


m 


/!/^+i((X, Z), (Z, Y))ay, • • • ay^_fi*^ay^_ 


l-\-l 


1=0 X,YgS™+1-' 
zesi 


m+1 


— _ 1 ^ (/- l)!(m + 1 -/) + l/<^ ^ ^ ^ /! 

/ 

/m+i((X, Z), (Z, Y))ay^ • • • ciy^_iCiy^ciy^_ij^^- 


1=0 X,YgS™+1-' 

zes’- 


Set 


D{l,m) := l/>i 


m 

l-l 


^ (/- l)!(m + 1 -/) + 1 


( MI 

Km ] MI- 


134 



Then, by considering that D(m + 1, m) = 0, 

^ /„+i(X,Y)aiaY 

m 

= Y^ m)/^+i((X, Z), (Z, Y))ay^ ■ ■ ■ 

Z=0 x,YeS™+i-* 
zesi 
m 

= E E (-ir^'£’(«.»«)/™+i((X.Z),(Z,Y))aYai 

/=0 x,YeS™-* 
zgs*+i 

m 

+ E E (-!)£>(;. m)/.„+i{(x,z),{z,Y)) 

Z=0 X,YgS™+1-* 
zesi 

■ay-'-tty ,a* ■■■a* a* ay 

yi ym — l Xl Xyi — l i/m —/ + 1 

m 

= E E (-l)’""'(m-i + l)D(i.m)/„+i((X,Z).(Z,Y))aYai 

/=0 X,YgS™-* 

ZgS*+1 

m 

+ E E (-ir^'+‘D(*.»«)/™+i((x.z),(z.Y)K«i 

Z=0 X,YgS™+1-* 

zes‘ 

m+1 

= E E (li>i(-ir^‘^'(m +2-()£’(«-l.m) 

1^0 X,YgS™+1-' 
zesi 

+ (-ir+‘-‘Li((,m))/„+,((X.Z).(Z.Y))aY«x- 


By calculation we can derive that 

+ 2 - i)-D(* - 1, m) + m) 

= (-i)'“+i-' (M n, 


which implies the claimed equality for m+1. The induction with m 
concludes the proof. □ 
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Appendix B. The elux phase problem on a periodic 

HYPER-CUBIC LATTICE 


In order to deduce Corollary 11.71 from Theorem 11.61 we need to know 
when the free energy density is minimum in the flux phase problem on 
the hyper-cubic lattice r(2L) with the periodic boundary condition. A 
sufficient condition was essentially proved by Lieb in |j2D]- It was also 
claimed by Maoris and Nachtergaele in [j22]- In jini Appendix A] we 
restated Lieb’s theorem on a periodic square lattice with supplemen¬ 
tary arguments which were not explicit in the letter {20]. In order to 
assist the readers in deriving Corollary 11.71 from Theorem II.61 here we 
restate Lieb’s theorem on the flux phase problem on the periodic hyper- 
cubic lattice with explanations of how to extend the arguments in pdJl 
Appendix A] into the d-dimensional case. Not to confuse the problem, 
we should make clear the dependency between the original article |j2D], 
the preceding section |[I2], Appendix A] and this section. In this section 
we admit the basic lemmas pdJl Lemma A. 2, Lemma A.4] and the con¬ 
tents of the proof of pffil Theorem A.5] which was based on the original 
key lemma [ EUl Lemma]. For those who know how to apply the reflec¬ 
tion positivity lemma [ BUI Lemma] well, there is no need to follow the 
proof of Theorem IB.41 below. However, we should remark that Lemma 
IB.31 claimed below itself is necessary to prove not only Theorem IB.41 but 
also Theorem 11.61 In fact Lemma [B.31 is referred in the proof of Lemma 
12.51 in Section [21 

First let us extend |[IUl Lemma A.2] into the d-dimensional case. As¬ 
sume that phases ipi, ip 2 x ^ satisfy (ll.ll) and 


(pi(x + ej-,x) + (/?i(x + ej + efc,x + ej) 

+ (pi(x + Gfc, X + e^- + Gfc) + (pi(x, X + Gfc) 

= (/?2(x + Gj, x) + (P2(x + ej + Gfc, X + Gj) 

+ ip2{x. + Gfc, X + ej + Gfc) + (P 2 (x, X + Gfc) (mod 27r), 

2L-1 2L-1 

^ (pi(x + (m + 1 )gj, X + mej) = ^ (p2(x + (m + 1 )gj, x + mej) 

m=0 m—0 

(mod 27r), (Vx G j, /c G {1, 2, • • • , d}). 
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For X, y G we simply write {ipi — (p 2 )(x, y) in place of (pi(x, y) — 
V^2(x,y). 


Lemma B.l. Assume that n > 2, Xi,X 2 , • • • ,x„ G r(2L) and for any 
j G {1, 2, • • • , n} there exists p G {1, 2, • • • , d} sueh that Xj — x^+i = 
or —Gp in ['L/2L'LY, where x„+i := Xi. Then, 


(B.l) 


- (p 2 )(xj+i,Xj) = 0 {mod27T). 




Proof. It follows from jini Lemma A. 2] that if there are p,q E {1,2,-- - , 
d} such that for any j G {1, 2, • • • ,n} Xj — x^+i is equal to one of e^, 
—Gp, Gg, —Gg in (Z/2LZ)'^, then (IB.If) holds. Let us call this property 
(★). 

As hypothesis of induction, let us assume that there exists I G {1,2, 
• • • ,d — 1} such that if for any j G (1, 2, • • • , n} Xj — Xj+i is equal to 
one of Gi, —Gi, 02 , —e 2 , • • •, e^, —in (Z/2LZ)'^, then (IB.If) holds. Let 
Xi, X 2 , • • • , x„ G r(2L) satisfy that for any j G (1, 2, • • • , n}, Xj — Xj+i 
is equal to one of ei, —ei, 62 , — 02 , • • •, e^+i, —e^+i in (Z/2LZ)'^. Let us 
prove (IB.II) for Xi,X 2 , ■ ■ • ,x^. If Xj — Xj+i is equal to e^+i or —e^+i in 
{Z/2LZY for any j G (1, 2, ■ • • , n}, then (IB.II) follows from (★). Assume 
that there exist ki, k 2 , ■ ■ ■ E {1,2, ■ ■ ■ ,n} such that 


ki < k2 < ■ ■ ■ < km, 

Xkp - ^kp+i Y e/+i, -Gi+i in {Z/2LZY (Vp G (1, 2, ■ ■ • , m}), 

Xj — Xj+i = G;+i or — G;+i in (Z/2LZ)'^ 

(Vj G (1, 2, ■ ■ • , n}\{ki, k 2 ,--- , km}). 

If m = 1, again (IB.ip follows from (★). Assume that m >2. Define the 
map P : T{2L) —> r(2L) by 

P(x) := (x(l), • • • ,x(/),xi(/ + l),x(/ + 2), • • • ,x{d)). 

For any j G (1, 2, • • • , m - 1} we can choose y^-1, y^-a, • • • , yj,q^ E F(2L) 
so that y^-i = x^^.+i, = P{xk^+i), y^-p - y^-p+i = g^+i or -g,+i in 
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(Zl2LZf (Vpe {1,2,--- ,qi-l}). By (*), 

(B.2) 

{<Pl - 1^2)(P(xt,+i),Xi) 

ki qi-1 

= “ ¥^ 2 )(x,+i, x^) + - (^ 2 )(yi,p+i, yi,p) (mod 2tt). 

r=l p=l 

Moreover, by (★), for any j G {1, 2, • • • , m — 2}, 

{B.3) 


(Vl - >|£>2)(^"(xtj^.+l). ^"(xtj+i)) 

•Jj-l b+1 

= - - ^2)(yi,p+i,yi,p) + ^ (^2)(x,+i,x,) 

p=l r=fcj + l 

gj+i-1 

+ (v'l - ¥^2)(yi+i,p+i,yi+i,p) (mod 27r), 

p=i 

(B.4) 

(Vl - '^’2)(X n+l5 i^(Xfc_i+i)) 

Qm-l —1 n 

^ 2 (V^l ¥^ 2 ) (ym—l,p+l5 ym—l,p) “1“ ^ ^ (V^l ^^ 2 ) (Xr+1, X^) 

p=l r=fcm_i+l 

(mod 27r). 


By adding (IB.21) . (IB.31) . (IB.4p together, 
(B.5) 


m—2 


((/?1 - (/?2)(i^(Xfci+i),Xi) + J^((/?i - if2){P{^k,+,+l),P{^k,+l)) 

J=1 


+ (¥?1 - ¥? 2 )(Xn+i,P(xfc^_^+i)) = - (/:? 2 )(x^+i,x^) (mod 27r). 


r=l 


By the hypothesis of induction the left-hand side of (IB.Sp is 0 (mod 27r) 
and thus (IB.ip holds. 
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The induction with / G {1, 2, • • • , d} concludes the proof. □ 

The next lemma is the d-dimensional version of pdH Lemma A.3]. 
However, the content is essentially same as [211 Lemma 2.1]. 

Lemma B.2. (^ [211 Lemma 2.1]J There exists a function 9 : r(2L) —)• M 
such that for any x, y G r(2L) satisfying that x — y zs equal to one of 
ei, -ei, 02 , - 02 , ■■■, ea, -e^ zn {Z/2LZy, 

(pi(x,y) = (/; 2 (x,y) + d(x) - d(y) {mod 27r). 

Proof. Dehne 6 : T{2L) —)• R by 

9{{xi,X 2, ■ ■ ■ ,Xd)) 

Xl — 1 

■= 1®1>1 ^(^1 - T2){{j + 1,0, • • • ,0), (j,0, • • • ,0)) 

j=0 

*2 — 1 

+ l*2>i ^(v^i “ T2){{xi,j + 1 , 0, • • ■ ,0), (xi,d, 0, • • • , 0)) + • • • 

a;d-l 

+ l*d>l - T2){{xi, ■ ■ ■ ,Xrf_i, j + 1), (xi, • • ■ ,Xd-lj)). 

j=0 

Then, Lemma IB.II implies that for any x, y G r(2L) satisfying that 
X — y is equal to one of ei, —ei, 62 , — 62 , • • ■, e^, —in {Z/2LZY, 

d(x) + {(pi - (/?2)(y, x) - d(y) = 0 (mod 27r). 

n 

With a phase (/? : Z'^ x Z'^ —>■ R satisfying (ll.ll) we define the free Hamil¬ 
tonian Ho((/ 7 ) by (11.201) and set H((/;) = Ho((/ 7 ) + V with the generalized 
interaction V defined in (11.151) . 

Lemma B.3. 

Tre “^'^*'‘^0 = g-/3H(v52)_ 

Proof. By using the function 6 introduced in Lemma IB.21 and following 
the proof of [T21 Lemma A.4] we can construct the unitary transform B 
on Ff{L‘^{r{2L) x {t, i})) so that BH{(p 2 )B* = Here we need the 

invariance (1 1 . 111 ) to ensure that B\/B* = V. This implies the result. □ 
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Here we can state the sufficient condition to be a minimizer of the fiux 
phase problem. In the following we restrict the interaction V to have 
the reflection positive form (11.191) . 


Theorem B.4. (^[j2D| ) Assume that the phase 9 l satisfies (ll.ll) . (11.21) 
with 6j^k = 7t for any j^k G {1, 2, • • • , d} with j < k and (ll.3l) with 

G {1, 2, • • • ,d}. Then, 


= lre 2 Z for any I 


- ilog(Tre-^'^(^^)) 
= min I“ w log(Tr 


if : Z' 


X Z'^ 


satisfying (ll.ll) 


Proof. By Lemma IB.31 it is sufficient to prove the existence of a phase 
with the claimed properties minimizing the free energy. For any j, k G 
{1, 2, • • • , d}, X G TA, s G Z and 77 : Z'^ x Z'^ —>■ M, set 

/j'fc(r/)(x) := r/(x + e^, x) + r/(x + e^- + e^, x + e^) 

+ r/(x + e^, X + Gj + efc) + r/(x, x + e^), 

2 L -1 

/j(d)(x) := r/(x+ (m + l)ej,x + mej), 

m—Q 

^j(s) := { (di, ■ • • , dj-i, s + yj+i, • • ■ , 7/d) G 

7 / 1 , •• • ,7/j_i,7/j+i, • • • ,7/d G k}- 

Since the interaction V is assumed to satisfy the positivity conven¬ 
tion, we can apply the reflection positivity lemma [ BT)! Lemma] with 
respect to the cutting hyper-plane Hj{s). Recall that in the proof of 
Theorem A.5] hrst we did the reflection with the horizontal line 
{(x,l/2) G I X G M} and secondly we did the reflections with the 
vertical lines {(s + 1/2,7/) G | 7 / G M} (s = 0,1, • • • , L — 1). The 
argument involving the reflections with the hyper-planes id 2 ( 0 ), Hi{s) 
(s = 0,1, • • • , L — 1), parallel to the proof of (IS, Theorem A.5], proves 
that there exists a phase ip satisfying (ll.ll) . 

/i, 2 (+)(x) = TT, /i((p)(x) =/ 2 ((p)(x) = l^eaNTT (mod 27r), (Vx G Z'^) 
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and minimizing the free energy. This concludes the proof in the case 
d = 2. Let us consider the case that d> 3. As hypothesis of induction, 
assume that I G {2,3,-- - ,(i — 1} and there exists a phase (p satisfying 

(O), 

(B.6) /j-fc((/7)(x) = TT, /m(¥^)(x) = lLe2N7r (mod27r), 

(Vx G j, /c, m G {1, 2, • • • , /} with j < k) 

and minimizing the free energy. For s G {0,1, • • • , L — 1} let us dehne 
the map Refg : —)■ by 

Refs(x) := (xi, • ■ ■ , 2s + 1 - X;+i, X/+ 2 , • ■ ■ , a^d)- 


Then, dehne the transform Rg on Map(Z'^ x Z*^, M) by 
^s(^)(x,y) 

( r/(Refs(x), Refs(y)) + tt if 3j, /c g {s + 1, s + 2, • • • , s + L} s.t. 

:= < x(/ + 1) = j, y(/ + 1) = /c (mod 2L), 

[ ? 7 (x, y) otherwise, 

(x.yez"). 

Also, for any function d : Z'^ —>■ M satisfying that 0(x) = d(y) for 
any x, y G Z"^ with x = y in {Z/2LZy we dehne the transform Gq on 
Map(Z'^ X Z'^,M) by 

Gdir])ix,y) := r/(x,y) + d(x) -d(y), (x,y G Z^). 


Note that if 77 G Map(Z'^ x Z'^,]R) satishes (1 1.11) and (IB.Cp . so do Rs{t]), 
Ge{vi). We reform Tre”^^^^'^^ by repeating the rehection with respect 
to the hyper-planes iL/+i(s) (s = 0,1, • • • , L — 1) and the gauge trans¬ 
formations. This procedure is parallel to the part of the proof of 
Theorem A.5] demonstrating the rehections with respect to the vertical 


lines {(s + 1/2, 7 /) G | 7 / G M} (s = 0,1, • • • , L — 1). Here we consider 
the I + 1-th coordinate, the k-th coordinate {k G {1,2, •• • ,/}) as the 
hrst coordinate, the second coordinate respectively in the part of the 
proof of pm Theorem A.5] after the hrst rehection with the horizontal 
line {(x, 1/2) G | x G M}. By replacing ei, 62 by e^+i, respectively 
there we can see that there exists a phase p' G Map(Z'^ x Z"^, M) satisfying 
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(O), 


/fc,z+i ((/?') (x) = TT, /,+i ((/?') (x) = lLe2N7r (mod 27r), 
(Vx G Z'^, /c e {1, 2, • • • , /}) 


and minimizing the free energy. In fact the phase ip' is derived by 
repeatedly applying the transforms i?s, Gq with s G {0,1, ■ ■ • , L — 1} 
and some periodic functions 0 : Z^ —>■ M to the phase ip given by the 
induction hypothesis. As remarked above, the phase ip' still satishes 
(IB.bp . The induction with I concludes the existence of a phase with the 
claimed properties. □ 


Appendix C. Lemmas eor the time-continuum, 

INEINITE-VOLUME LIMIT 

Here we prove that each term of the Taylor expansion of the free energy 
density with respect to the amplitude of the interaction converges in 
the time-continuum, infinite-volume limit. This fact is used to prove 
that the free energy itself converges in these limits in Subsection 14.21 
Basic ideas of this section are not essentially different from those in jTTl 
Appendix B], jlSl Appendix D], jini Appendix D]. Since we introduced 
a class of interactions, which are different from the interactions in the 
preceding papers and some properties of our interactions are necessary 
to prove the fact of concern, we should again demonstrate the major 
part of the proof. 

For n G N U {0} set 


a,(L,h)(U) := 


1 


PL^nl \dz 





z=0 


where the Grassmann Gaussian integral is same as that considered in 
Lemma 12.71 Our aim here is to prove the uniform convergence prop¬ 
erty of a„(L, h)(U) with the coupling U as h, L —oo. The covariance 
C : {B X r(L) X {t, i} X [0,/3))^ —> C was originally defined in (12.61) . 
We can periodically extend the domain of C into {B x x {"(, x 
[Q^(3)y. Then, by taking into account Lemma [23] (I3D,(I1D we can see 
that the same procedure as in the derivation of the inequalities [[12 
(D.3), (D.4), Appendix D] yields the following results. 
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Lemma C.l. There exists a eonstant c{(3,d, (^i)i<i<d) ^ ®>o depending 
only on (3, d, (^j)i<j<d sueh that the following inequalities hold. 


(C.l) 


(C.2) 


\C{pK(TX,riyTy)\ < 




1 + EU - 1) 


d+1 ’ 


(V(p, X, (j, x), (rj, y,T,y) e S X X {t,;} x [0, /3)), 

c(/3,d, (tj)i<j<d) 


\C(pxax,TjyTy)\ < 


1+ E,til(x-y,e,- 


d+1 


(V(/9, X, CT, x), (r/, y,T,y) e B xZ^ X {t, 1} x [0, (3) 
with |(x-y,e^)| < L/2 (Vj G {1,2, ••• ,4)). 


For conciseness we set 


J:=Bxr(L)x{t.l}x{l,-l}, 

Jc:= B X 


-{.{E {1.1} X {1,-1}, 


2 2 , 

Jq:=Bx {0} X It, 1} X {1, -1}, J^:=B xZ^ X {t, 1} x {1, -1}. 


Using the original kernels (m = 0,1, • • • , Nf) of the interaction, we 
define Vf G Map(C”", C), G Map(C'"’', Map(4r, ^)) (^ = 1, 2, • • • , Ny) 
by 


Uo°(U) := Uo4U), 

E°m(U)((pi, Xi, (Ji, 0l), • • • , (p2m, X2 mi ^2mi ^2m)) 


1 

(2m)! 


U sgn{0l( ^^(1)."' (1."' .1) .{^^(m+1) .^^(2m)) ( 1."' 


-1) 


■ vtmio X^(l) + 6(p^(i)), (7^(1)), • • • , (2 x^(,7^) + b(p^(^rn))i ^^{m)))i 

((2x^(m+l) 6(p^(m+l))) cr^(m+l))) ■ ■ ■ ) ( 2 x^( 2 m) 3~ &(p^( 2 m))) {^^( 2 m))))- 


The next lemma summarizes some properties of which we will 

use later. 
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Lemma C.2. For any r G M>o, m G {1, 2, • • • , Ny} the following state¬ 
ments hold. 

(C.3) sup |y2°m(U)(piOcri0i, P2X2Cr202, ’ ' ' , P 2 mX 2 mCr 2 m^ 2 m) | 

UGU(r)”’' 

(V(pi,Ui,0i)G^x{t,;}x{l,-l}, 

(Pj, Xj, cTj, hj) G Joo n Je (j = 2,3, ■ ■ • , 2m)). 

1 _ n 

-j^Vq converge in C{D{r) ^;C) as L ^ oo{L G N) 

for any Xe J^. 

Proof. Take any U G D{r) , (pj, Xj, Uj, 0j) G Joo H Jg (j = 1, 2, • • • , 2m), 
p G {2, 3, • • • , 2m}. Note that 

^ y'? |gi^<2x]^+b(p]^)-2xp-b(pp),e^) 

0 27r 0 J— TT 


By this inequality, the linearity with U, (ll.5l) . (11.121) and (11.141) 


^l)'^'|l/2‘},(U)(piXiCri01, • • • , P2mX2mCr2m^2m) I 


< re“'n^(l). 


Thus, 


sup |l/ 2 m(U)(plXiCri 0 i, • ■ ■ , P 2 mX 2 mC^ 2 m^ 2 m) I 


U£n(r) 


. 1 v^2rra Y^d I ^ -xp,e ■) , , s 1/2 

<re vm{l)e 2 m - ii ^ p =2 i ^ j = i < y 2^\<^ ^ _ 

The above inequality implies (IC.3p . The claimed convergence proper¬ 
ties follow from that U i—> 1 /q^(U), U i-G Vf^{\J){X) are linear and 
' ^V^{V)iX) converge as L ^ oo. □ 


J_ d_ 

Ld du. 


For convenience in the proof of the next lemma we introduce some 
more notations. Define the transform Pq on by 

■^0 ( ( (Pl? Xi, (J\ , d^) , ■ • ■ , (^Pmt Xp^, ( 7^,2 5 ^m )) ) 

((dl’ ^ 1 ’ ^ 1)5 ' ’ ' 5 ^Pmi O 5 dm))' 
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Define the map Pg from to by Ps{{p,yi,a,9)) := x. Moreover, 
define the map Pl from J'^ to by 

Pl ( ( (dl 5 5 5 ^ 1 ) 5 ''' 5 (Pm 5 '^mi ^mi 9m) ) ) 

((Pl? ^1? ^1? ^ 1 )? ' ‘ ‘ ? (Pmj ^mi 9 m)) 5 

where x'- G r(L) and x^ = x' in (Z/LZ)*^ (j = ,m). We 

also define a map from {B x x {t, i} x [0,/d) x {1,-1})"* to {B x 
r(L) X {t, i} X [0,/3) X {1,-1})"* in the same way as above and let 
Pl denote the map, though this is abuse of notation. For any X = 

((pi, Xi, (Ji, ^i), • • • , [pm, x^, Gm, 9m)) E s E [0, /3) WO define (X|s) G 

(^xZ'^x{t,;}x[0,/3)x{l,-l})- by 

(^1 s) ■ , i^Pmi 'X-m'i ^mi "5 5 9 m) ) • 

Furthermore, for any X = ((pi, Xi, di, Si, ^i), • • • , (p^, x^, cr^, s^, 9m)) E 
(B X X {t, i} X [0,;d) X {1, —1})”^ and x G Z'^ we define X + x G 
(^xZ'^x{t,;}x[0,/3)x{l,-l})- by 

X + X := ((pi, Xi + X, (Ji, Si, ^i), • • • , (prn, X^ + X, (J^, S^, 9m)). 

For any Y G and x G Z'^ we also define Y + x G in the same way. 
We use the same notational rules for different power m for simplicity. 
We should make clear that the notations introduced above are used only 
in the rest of this section, not used anywhere else in this paper. 

Here let us note that 

-| Ny 

VW = /JVi" + - ^ ^ ^ V'i(X)^,x|.). 

se[ 0 ,/ 3 )?i Xg 

Lemma C.3. For any r E M>o, n G N U {0} the following statements 
hold true. 

(1) an{L, h) converges in C{D{r) C) as h ^ oo{h E (2//3)N). 

(2) Se t an{L ) := hm/,^oo,/iG( 2 /^)N fi). Then, an{L) converges in 

C{D{r) ; C) as L ^ oo(L G N). 

Proof. Since ao(L, h) = 0, the claims are trivial for n = 0. First let us 
prove the claims for n = 1. By the translation invariance (11.91) and the 
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periodicity 

ai(L, h) = J V(ip)dfic(ip) 

= TlV«+Tlfl E l^KX) / ^,x|o,<^^«c(V>) 

m=l X€ 

= ij'"o“ + isE E - F.(xo) 

m=l X€ 72”^ 

• J '4^PL{m-Ps{Xi))dflc{'^) 

-1 ^ 

= -n^° + Il'L E l^^KX.X) / <A«x.x,|0)dMc(>/’) 

m=lXGJoXGj2'"-i 

-1 

= 7 i’^o“ + EE E W—i^?„(x,x) 

m=lXGJoXGJ ^—1 

• J i^PL({iX,X)\0))dflc{'^)- 

Set 


K(U)(X,X) := lx,,..-.yl(U)(X,X) 


^Pl(((X,X)|0))<^Mc(^)- 


Note that is independent of h. Then, it follows from (IC.ip . the 


convergence property of (7 as L —)• oo and Lemma 1C.21 that 


snp |F;(U)(X,X)| 


UeD{r 


< m!c(/3, d, (tj)i<j<d)"'re'^n^(l)e 2 mLiEp=i Ei=i(7Td^p).' 


hi) 


1/2 


and hmi_^oo,LGN converges in C{D{r) ^] C) for any m G {1, 2, 

• • • , A7}, X G Jo, X G Therefore, by the dominated convergence 

theorem in L^(Jo x J^~^,C{D{r) ;C)) and the convergence property 
of (1 /L'^)Cq° we see that ai(L, h) has the claimed convergence properties. 
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Let n > 2. Here we need to recall the tree formula for an{L, h). We 
adopt a version of the tree formula [271 Theorem 3], which states that 

an{L,h) 


= hjifT E n + KpiC))ope{T, C) n V{^^) 

where is the set of all trees over the vertices {1, 2, • • ■ , n}, 


i/-J=0 

(VjG{l,2....,n}) 


A,,(C):=- 5: C(X,y)W^ 

x,Yeio 


, (Vr, s e ,n}) 


with the Grassmann left derivatives 5/5^, d/dil)x, and 

ope{T,C):= [ ds V p{T,^,s)e^r,s=iM{T,^,s){r,,)ArAC)^ 


^GSn(r) 


with a T-dependent subset Sn{T) of S^, a (T, dependent function 
■) e (^([O, IR>o) satisfying 

{C.4) f ds Y. ^{r.«,s) = l, {VreT„), 


and a (T, ^)-dependent matrix-valued function ■) G 

C([0,1]”"^ Mat(n, M)) satisfying 

(C.5) |M(r,^,s)(r,s)|<l, 

(VT G G Sn{T)^s G [0,1]” G {1,2,-- - ,n}). 

The important bound property of the operator ope{T, C) is that 


(C.6) 


ope{T,C)ij]^ij^ ■■■ij 


< 


E 


rrik 


ij)3=0 

(VjG{l,2....,n}) 
1 




2 Efe=i mk 


{yrrij gnu {0}, G (j = 1, 2, • • • , n)), 
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which follows from (1(1. II) . (1(1.41) and (1(1.51) . The proof of jTBl Lemma 4.5] 
essentially shows how to derive (1(1.61) . 

Dehne the anti-symmetric function C : [B x z" X {t,;} X [0, /?) X 
{l,-l})^^Cby 


C((X,8), (Y,0) := - 1 „,C{y, X)), 

(VX.y e B X Z-* X {t.n X [0,/?),(?,« e {l.-l}). 


Then, we have that 


A,.,(C) + A,,,(C) 


-2 ^ C(X) 

X €/2 


d d 


The term a„(L, h) can be expanded as follows. 


an{L, h) 



For T G and j G {1,2, • • • ,n} let dj{T) denote the degree of the 
vertex j in T. Fix rrij G (2,4, • • • , 2Ny} {j = 1, 2, • • • , n). If dj{T) is 
larger than rrij for some j, the derivatives along the lines of T erase 
the Grassmann polynomials completely and thus such a tree does not 
contribute to the result. Take any T G satisfying dj{T) < rrij (Vj G 
(1, 2, • • • , n}). Then, set 

k^l \ ^ 2 j i^3=0 

^ ^ (ViG{l,2....,n}) 
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It suffices to prove the convergence properties of a'^{L,h) instead of 
a„(L, h). By changing the numbering if necessary, we may assume that 
if {p, q} E T and p < q the length of the shortest path between 1 and p in 
T is shorter than that between 1 and q. Then, we can dehne the map / : 
{2, 3, • • • , n} ^ {1, 2, • • • , n - 1} by f{q) := p with p G {1, 2, • • • , g - 1} 
satisfying {p, q} E T. 

To shorten formulas, we use the notational convention that for integers 
/, / + 1, • • • , / + m and objects Wi, rcz+i, • • • , 


denote 


l+m 

n 

order 


i 

n 

order 


^l^l+l ' ' ' ^l+mj ^l+m^l+m—1 ' ‘ ‘ 

respectively. Also, it will be convenient to write A C Y for A G J, 
Y G if there exists j G {1, 2, • • • , n} such that X = Yj. By using the 
notations introduced so far, anti-symmetry, translation invariance and 
periodicity from part to part we can transform as follows. 


a^{L,h) 

1 

1 ? 


/ 


1 ” / 1 
= -,ope{T,C)ll - 

J=1 \ 

2 / 


n E C((Y\sp,)),(ZM) 


d 


YYer 




E 


Si) 


Tlyo)), 


Xi€J™i 


n 

k^2 

order 


nik 




k 

(^fc|Sfc) 


Xi.€J™fc- 


V>J=o 

(Vie{l,2.-.n}) 


1 ” /l 

=z^n \ E 

V s,G[0,/3)^y XoeJ_ 


E C{^o.Xi + P,(Xo)) 


Xi ej™i’ 
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• n U, E c((y,|s/„)) + p,(Xo),{z,K) + p.(x„)) 

0^=2 \ Yq,Zq^J 



(Z, + P,(Xo).X, + P.(X„)) 


■ope(T,C) n 

k—n 

order 



• V^(Xo|si)V^Pl((Xi+P.(Xo)|si)) H ^k((X/+P.(Xo)|sO) 

n / 


/=2 

order 


(Vie{l,2.-,n}) 


1 


nk E E n(^o.x. 


..1 


n 

q^2 


rrin 


1 

2 / 


Yq, G J 
XgSj'"'?”^ 


ope(T, C) n 


k—n 

order 


d 


fik) 


'^lxo\si)'^Ui\si) n ^(Xki) 


’/(fc)). 


1^2 

order 


'ip3 =0 

(Vje{l,2.-.n}) 


nk E E k(^o.x. 


J.l \".j€[0,«i/ ->fo€J„ 

XiGJ™!”! 


n 

q=2 




E c-dnk/w). (Z,M)V^,(Z„ X, + p.(y,)) 


Yg-, Zq G J 
XgGJ™'?”^ 

2 


ope(T, C) n 


a 


k—n 

order 




(^fek/(fc)), 


150 



'^lxo\si)'^{Xi\si) n '^PL{{^i+PsiZi)\si)) 


Z =2 

order 


(ViG{1.2.-,n}) 


nk E E k(^o.x. 


J = 1 \".j€[ 0,«i/ ->fo€J„ 


n 


rrin 


Y. C({Y,\sn,^), (Z,|s,))K^,(P„(Z,). X,) 

1 

2 / 


Yg, Zq G J 
XgGJ™'?”^ 


ope(T, C) n 


k—n 

order 


d 


/W 


’/(fc)). 


V^(Xo|si)V^(Xi|si) n ^k((X,+Ps(^i)|sO) 


Z =2 

order 


'ipj^O 

(VjG{l,2.-,n}) 


nk E E k(^o.x. 


J = 1 \".j€[0,«i/ ->to€J„ 

XiGJ™!”! 


n 

q ^2 


rrin 


Y C’((y,|«p,,), (Z, + p,(y,)|s,))K^,(p„(z,),x,) 

1 

2 / 


Yq, G J 
XgGJ™'?”^ 


ope(T, C) n 


k—n 

order 


d 


/W 


’/(fc)). 


V^(Xo|si)V^(Xi|si) n ^k((X,+Ps(^i)+Ps(yi)|s,)) 


Z =2 

order 


(ViG{1.2.-,n}) 
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j=i \ 


= n r E E <(^o,x. 


n E C'((n|s;(,)), {ZM)V:^{Po{Z,), X, 


q=‘l \ Yq^J{},Zq^J 


. Fiis,)’;.,, Xo, Xi, (X,);;.,, {Yj);.„ {z,)•;„), 

where F is the function on 


[0,P)l X J„ X J--' X n JZ‘~' X X J"-' 


defined by 

F{{s,)- Xo, X,. (X,)" , (y,)" . {Z,Y,) 


:=n E ]ope{T,C)Yl 


q=2 \ yq£V{L) 


d'ipISl 


(yc+yfc|s/(fc)) 




(Xo|si)V^Pi((Xi|si)) 


11’^ 


Pi((X,+P,(Zi)+y,|a,)) 


V)J=o 

(Vje{l,2.-.n}) 


Note that 


F{(s,)U, X„, X., (X,)%„ (y)" , (Z,)" ) 


= 11 ’"^ n E 1 

j—2 r£f 1(1) V yr€r(L) 


LW+y.cPL((Xo,Xi)) 


n n E 1 


oTir Veyw \y,€r(L) 


-Yp+ypGPL{X.q+Ps(Zq)+yq) 


ope{T, C) n 


S’/’/s 


C^k~^y k\^ f (k)) 
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n 

■ '0(Xoki)'0P^((Xi|si)) n '^W{{^i+Ps{Zi)+yi\si)) 

1^2 

order 


5 

(ViG{l,2,...,n}) 


and thus by (Kb61) . 

(C. 7 ) x„, x„ (x,)”,„ (z,)",,)| 

n n—1 f \ ^ ^ 

n "^iii n (mg-i) 

i=2 r£f~^{l) <1~‘^ p£f~^{q) V l=l J 

- ( 2 bl"*' - n + 1 j!c(^,d, (tj)i<j<d)’^"-'’"‘""'^', 

(V((.,);=I.^«.X,.(X,)^,„ (y,)”,,.(z,);, 2 ) e [o./?); x j„). 

Here we set 

n 

J„ := J„ X J“>-‘ X n JZ‘-' X JJ-' X JZ-\ 

J=2 


For any s G [0, ;d) we let s denote an element of [0,l3)h satisfying 
s G [s, s + l//i). By periodicity we can rewrite a'^{L, h) as follows. 


<(L,h) = f[( fdsA J 2 <(X„,Xi) 

j = l \"'0 J XqGJo 

■ n ( E ^{(nis;,,,), (Z,\s,))V°^(P„(Z,}, X,) 

g=2 \ FgG 

• F((s,);.i,Xo,Xi, (x,);. 2 , (^.);^ 2 )- 
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By (EJ), (EJ) and (Eli) 
(C.8) 

sup 


U€n(r) 


<(U)(Xo, X,) n(C'((n|5/(.)), {Z,\s,))V^^{V){Po{Z,),X,)) 

q=2 

■ 1 , 




F{{s,)- Xo, Xi, (X,);.2, (YdU iZj)U) 






1=1 






(v((s,);.i,Xo,Xi, (x,);.2, K);^2, (^.);^2) e [o,/^)” x j^). 
The right-hand side of (IC.Sp is integrable with respect to 

{{s,)u, Xo, x„ (x,)^.2, (y^)u) 


over [0, ;d)” X J^o- 

Since F becomes a hnite sum of products of the covariance C after 
applying all the Grassmann derivatives to the monomial, the domain 
of F can be naturally extended into [0,;d)” x Jo^. Moreover, we can 
see that the function F : [0, ;d)” x ^ C is independent of h. Since 
(s,t) I—> G((X|s), (T|t)) is continuous a.e. in [0,;d)^ for any X,Y G Joo, 
so is s I— > F(s, Z) a.e. in [0,;d)’^ for any Z G Joo- Thus, for any X, T G 
JqO •) Z G Joo 5 

hm G((X|s),(y|t)) = G((X|s),(y|t))a.e. (s, t) G [0, 

n—¥(X) 

he{ 2 // 3 )N 

Jim F{(S,)%„Z) = F({sj)%„Z)a.e. (s,)”., e [0, /?)”. 

/te( 2 // 3 )N 
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Furthermore, by using the fact that limL^oo,L€NC{X.) converges for any 
X e X X {t, i} X [0,/5))^ we can check that lim^^ocLeN ^(s, 
converges for any (s, Z) G [0, /3)'^ x 
Now we can apply the dominated convergence theorem in 
L^([0, l3)^ X Joo, C{D{r) C)) to prove that a'„(F, h) converges in 
C{D{r) C) as h —> oo(/i G (2//3)N) and 


(C.9) 


lim a^{L,h) 

/tG(2/^)N 



^ <(Xo,X0 

XqG Jo 




q=‘2 \ ^q^J{}-,Zq^Joo 




1 


((XPEl’(Xd?=2)enLl Jc ^ XJc 


■ F((s,);.i,Xo,Xi, (x,);.2, (y^u (^j);^2)- 

Set a'^{L) := limh^oo,he{ 2 /p)N CL'ni^^ h). By sending h —> oo we obtain the 
inequality (IC.Sp with a.e. G [0,;d)” in place of in the left- 

hand side. Then, by the convergence property of proved in Lemma 
(1.21 the convergence properties of F and C in the limit L —)■ oo and 
that 


lim 1 

LGN j j j 




J=1 

we can again apply the dominated convergence theorem in L^([0, x 
Joo, C{D{r) C)) to deduce from (IC.9p that a'„(L) converges in 
C{D{rf'’] C) as L ^ oo(L G N). □ 
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Supplementary list of notations 


Parameters and constants. 


Notation 

Description 

Reference 

^ j 

(l < j < k < d) 

flux per plaquette 

Subsection |1. 2 

ef 

flux per large circles around 

Subsection 11.2 

1—1 

II 

periodic lattice 


1—1 

II 

SO 

hopping amplitude 

Subsection |1. 2 

Uy 

number of coupling constants 

Subsection 11.2 

Ny 

maximal degree of interacting part 
of Hamiltonian 

Subsection |1. 2 

P0,Pm(c) 

integral of kernels of interaction 

beginning of 

(m = 1, ■ • • ,Ny) 


Subsection ll.H 

TT 

(tT, TT, • • • , Tt) G 

Subsection 12.1 


VI 

VI 

Subsection 12.1 

e 

i,^j,k)Kj<k<d 

Subsection 12.1 

N 

cardinality of the index 

set I 

Subsection |2. 2 

Muv 

2^(2d+l) 

Subsection Id.l 

w(0) 

Cyj{d + 1) ^ 

Subsection 13.21 

ft 

parameter depending only on 

{^j)t<j<di {^j,k)l<j<k<d 

Subsection |4.1| 

Cx 

constant appearing in an upper 
bound on derivatives of cut-off 
functions 

Lemma |4.1| (l3j) 


Sets and spaces. 


Notation 

Description 

Reference 

r(L) 

33 

1—1 

1 

1—1 

Subsection 11.2 

Map(H, B) 

set of maps from H to H 

Subsection 11.21 

D(c) 

{z G C 1 |. 2 | < c} 

Subsection 11.41 
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C(D;C) 

Mat(n, C) 

B 

T{]^ 

C{D■^V) 

C^{D■^V) 

S^{D,co,a,M) (/) 
S{D,co,a,M) (/) 

/C(D,a,M)(/) 

JC{D,a,M){l) 

C^{D;C) 

n{D,co,M){l) 

n{D,co,M){l) 


set of continuous functions on D 
set of n X n complex matrices 
{1.2.3,... .2''} 

set of Grassmann polynomials con¬ 
tinuous with z G D 
set of Grassmann polynomials an¬ 
alytic with z E D 
subset of C(D; A V) G A V) 

subset of <S(D, Co, a, M)(/)(/3i) X 

S{D,co,a,M){l){P2) 

subset of 

Map(D, Mat(2“', C))) 

subset of }C{D,a, M){l){f5i) x 

JC{D,a,M){l){P,) 

set of analytic functions in D 

subset of Map(D, Map(/A C)) 

subset of 1Z{D,cq,M){1){(5i) x 

n{D,co,M){l){P,) 


Subsection [13 
Subsection [23 
Subsection [23 
Subsection [23 
Subsection [13 

Subsection [13 

Subsection [13 
Subsection [13 

Subsection [13 

Subsection [13 

Subsection [13 
Subsection [13 
Subsection [13 


Functions and maps. 


Notation 

Description 

Reference 

H 

1-band Hamiltonian 

Subsection 11.2 

Ho 

kinetic part of H 

Subsection 11.2 


V 

interacting part of H 

Subsection 11.2 


b 

bijection from B to {0,1}'^ 

Subsection 12.1 



2 d y 2^^ diagonal unitary matrix 

Subsection 12.1 


V 

bijection from B x r(L) to r(2L) 

Subsection 12.1 


H 

2Gband Hamiltonian 

Subsection 12.1 


Ho 

kinetic part of H 

Subsection 12.1 


V 

interacting part of H 

Subsection 12.1 


8 

2 d 2®*-matrix-valued function 

Subsection 12.2 
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Other notations. 


Notation 


Description 

Reference 

0 = 1.2.-- 

• ,d) 

standard basis of ]R°' 

Subsection |1. 2 

II ’ ||nxn 


operator norm for n x n-matrices 

Subsection 12.1 
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